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PREFACE

The Mathematics-Methods Program (MMP) has been developed by the

Indiana University Mathematics Education Development Center (MEDC)

during the years 1971-75. The development of the MMP wds funded by

the UPSTEP program of the National Science Foundation, with the goal

of producing an innovative program for the mathematics training of

prospective elementary school teachers (PSTs).

The primary features of the MMP are:

It combines the mathematics training and the methods training of

PSTs.

It promotes a hands-on, laboratory approach to teaching in which

PSTs learn mathematics and methods by doing rather than by lis-

tening, taking notes or memorizing.

It involves the PST in using techniques and materials that are

appropriate for use with children.

It focuses on the real-world mathematical concerns of children

and the real-world mathematical and pedagogical concerns of

PSTs.

The MMP, as developed at the MEDC, involves a university class-

room component and a related public school teaching component. The

university classroom component combines the mathematics content

courses and methods courses normally taken by PSTs, while the public

school teaching component provides the PST with a chance to gain ex-

11110

perience with children and insight into their mathematical thinking.



A model has been developed for the implementation of the public

school teaching component of the MMP. Materials have been developed

for the university classroom portion of the MMP. These include 12

instructional units with the following titles:

Numeration

Addition and Subtraction

Multiplication and Division

Rational Numbers with Integers and Reals

Awareness Geometry

Transformational Geometry

Analysis of Shapes

Measurement

Number Theory

Probability and Statistics

Graphs: the Picturing of Information

Experiences in Problem Solving

These units are written in an activity format that involves the PST

111/1
in doing mathematics with an eye toward the application of that math-

ematics in the elementary school. The units are almost entirely in-

dependent of one another, and any selection of them can be done, in

any order. It is worth noting that the first four units listed per-

tain to the basic number work in the elementary school; the second

four to the geometry of the elementary school; and the final four to

mathematical topics for the elementary teacher.

For purposes of formative evaluation and dissemination, the MMP

has been field-tested at over 40 colleges and universities. The

field implementation formats have varied widely. They include the

following:

Use in mathematics department as the mathematics content pro-

gram, or as a por.tion of that program;

Use in the education school as the methods program, or as a por-

tion of that program,

Combined mathematics content and methods program taught in

vi



either the mathematics department, or the education school, or

jointly;

Any of the above, with or without the public school teaching ex-

perience.

Common to most of the field implementations was a small-group

format for the university classroom experience and an emphasis on the

use of concrete materials. The various centers that have implemented

all or part of the MMP have made a number of suggestions for change,

many of which are reflected in the final form of the program. It is

fair to say that there has been a general feeling of satisfaction

with, and enthusiasm for, MMP from those who have been involved in

field-testing.

A list of the field-test centers of the MMR is as follows:

ALVIN JUNIOR COLLEGE
Alvin, Texas

BLUE MOUNTAIN COMMUNITY COLLEGE
Pendleton, Oregon

BOISE STATE UNIVERSITY
Boise, Idaho

BRIDGEWATER COLLEGE
Bridgewater, Virginia

CALIFORNIA STATE UNIVERSITY,
CHICO

CALIFORNIA STATE UNIVERSITY,
NORTHRIDGE

CLARKE COLLEGE
Dubuque, Iowa

UNIVERSITY OF COLORADO
Boulder, Colorado

UNIVERSITY OF COLORADO AT
DENVER

CONCORDIA TEACHERS COLLEGE

River Forest, Illinois

GRAMBLING STATE UNIVERSITY
Grambling, Louisiana

ILLINOIS STATE UNIVERSITY
Normal, Illinois

INDIANA STATE UNIVERSITY
EVANSVILLE

INDIANA STATE UNIVERSITY
Terre Haute, Indiana

INDIANA UNIVERSITY
Bloomington, Indiana

INDIANA UNIVERSITY NORTHWEST
Gary, Indiana

MACALESTER COLLEGE
St. Paul, Minnesota

UNIVERSITY OF MAINE AT FARMINGTON

UNIVERSITY OF MAINE AT PORTLAND-
GORHAM

THE UNIVERSITY OF MANITOBA
Winnipeg, Manitoba, CANADA
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MICHIGAN STATE UNIVERSITY
East Lansing, Michigan

UNIVERSITY OF NORTHERN IOWA
Cedar Falls, Iowa

NORTHERN MICHIGAN UNIVERSITY
Marquette, Michigan

NORTHWEST MISSOURI STATE
UNIVERSITY

Maryville, Missouri

NORTHWESTERN UNIVERSITY
Evanston, Illinois

OAKLAND CITY COLLEGE
Oakland City, Indiana

UNIVERSITY OF OREGON
Eugene, Oregon

RHODE ISLAND COLLEGE
Providence, Rhode Island

SAINT XAVIER COLLEGE
Chicago, Illinois

SAN DIEGO STATE UNIVERSITY
San Diego, California

SAN FRANCISCO STATE UNIVERSITY
San Francisco, California

SHELBY STATE COMMUNITY COLLEGE
Memphis, Tennessee

UNIVERSITY OF SOUTHERN MISSISSIPPI
Hattiesburg, Mississippi

SYRACUSE UNIVERSITY
Syracuse, New York

TEXAS SOUTHERN UNIVERSITY
Houston, Texas

WALTERS STATE COMMUNITY COLLEGE
Morristown, Tennessee

WARTBURG COLLEGE
Waverly, Iowa

WESTERN MICHIGAN UNIVERSITY
Kalamazoo, Michigan

WHITTIER COLLEGE
Whittier, California

UNIVERSITY OF WISCONSINRIV'ER
FALLS

UNIVERSITY OF WISCONSIN/STEVENS

POIRT

THE UNIVERSITY OF WYOMING
Laramie, Wyoming
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INTRODUCTION TO THE
GEOMETRY UNITS OF

THE MATHEMATICS-METHODS PROGRAM

Geometry to most people just means proving theorems about angles op-

posite equal sides, squares of hypotenuses, and such. This is natu-

ral since most people have their only exposure to geometry in high

school where the traditional course has been built around such proofs.

Geometry has been gradually working its way into the elementary

$chool. Today's new textbooks contain a considerable amount of geom-

etry.* Much of this material is being ignored or badly taught since

many teachers see little relevance of this geometry to their own

lives, to other aspects of the elementary school curriculum, or to

the lives of their pupils. Moreover, some of the topics that are

currently contained in textbooks were not taught when the teacher

went to school and, therefore, are not fully understood by the

teacher.

The geometry units of the Mathematics-Methods Program attempt to

present geometry from a point of view that will bring out the poten-

tial for geometry with children. Geometry is presented as the §_tital

of space experiences. This point of view is not only consistent

with the historical development of geometry, but it also keeps the

focus on the relationship between geometry and the objects and shapes

in our environment.

*Paul R. Trafton and John F. LeBlanc, "Informal Geometry in Grades

K-6," in The_36th Yearbook of the National Council of Teachers of

Mathematics, 1973: Geomettie

12



The study of space experiences addresses itself mainly to shapes.

Shapes are abstractions from the environment. They can be informally

investigattd and analyzed. One can also study the changes (or trans-

formations) that shapes undergo.

To effect this study of space experiences, four units have been

developed.

The Awareness Geometry unit is designed to orient the prospec-

tive teackier to the informal study,of geometry. In this unit one

looks carefully at the environment, experiments.with shapes that are

observed there, and informally analyzes certain shapes. At the end

of the unit, one is given experience with planning for geometry.les-

sons with children.

.

9 9 99

The Transformational Geometry unit studies changes that shapes

can undergo. The Unit is organized into the study of rigid transfor-
-

matjons, projective transformations, and topological transformations.

The presentation' is informal and the focus is on concrete real-world

examples of the concepts. .



The Analysis.of Shapes unit studies straight lines, triangles

11111

and'circles. The real-world occurrences and importance.of each shape

are investigated; each shape is informally analyzed to determine some

of its important properties; and then the fruits of these analyses

are applied to real-world problems. Many of the traditional topics

_of Euclidean.geometry, including coordinate geometry, are considered

here from a nontradjtional point of view. There is also a section

which deals with problems of verification and places into perspective

the informal methods of elementary school geometry ard the formal

approach to high school geometry.

The Measurement unit provides experiences with identifying at-

tributes, choosing unit quantities of attributes, and determining

numbers through,comparisons. The emphasis is on informal, concrete,

conceptual activities. There is a separate section which is 'devoted

to child readiness and the planning of measurement activities for

children. Metric units are used throughout. While measurement

could I'lave been included in the Analysis of Shapes unit, it has been

placed in a separate unit because of its importance in the elementary

school curriculum and in order to provide flexibility in the use of

the units.

3 ,
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The four geometry units of 'Pie Mathematics-Methods Program are

independent of one another. Any -number of them can be used in any

order. They can be used in a separate geometry course; they can be

interspersed among other units of the Mathematics-Methods Program;

or they can be used in conjunction with other materials.

These geometry units, like the other units of the MatheMatics-

Methods Program, invole one as an adult learner in activities which

,
have implications for teaching children. One works with concepts

that children might learn, with materials that children might use,

and on activities that might be modified for use with children. The

objective is to provide growth in understanding and enjoyment of ge-

ometry along with increased ability and desire to teach geometry to

children.

4



INTRODUCTION TO
THE ANALYSIS OF SHAPES UNIT

Geometry is the study of space experiences. In the "Introduction to

the Geometry Units of the Mathematics-Methods Program," different as-

pects of the study of space experiences were outlined, namely aware-

ness geometry, transformational geometry, measurement, and the anal-

ysis of shapes. In the Analysis of *apes unit you will encounter

many topics that are studied in high school geometry courses. The

1110

procedures and point of view are, however, quite different from those

in high school geometry. The procedures are informal and experimen-

tal, contrasting with the formal theoreq-proof format of most high

school geometry courses. The point of view is one that attempts to

provide motivation and direction to the analysis of shapes by relat-

ing it to the real-world occurrences of shapes and to the real-world

applications of the analysis of the shapes. ,

After the Overview, the unit has four sections. Each of the
,

first three sections contains the analysis of a single shape

(straight line, triangle, and circle), and the fourth section ex-

plores the topic of verification--trying to put the informal proce-

111/1

dures of the unit into context with the formal procedures of high

school geometry.

5
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OVERVIEW

FOCUS:

The geometry in this unit appears in many elementary school mathemat-
-

ics textST-and varying amounts of this material are taught in elemen-

tary school classrooms. This activity presents an overview of the

role of the content of this unit in the elementary school curriculum.

MATERIALS:

(Optional).The Mathematics-Methods Program slide-tape overview enti-

tled "Analysis of Shapes."

DIRECTIONS:

Do one of (I) or (3) below and then discuss the questions in (2).

I. View the slide-tape overview entitled "Analysis of Shapes."

2. Discuss the following questions:

a) What do you recall from high school geometry concerning

straight'lines, triangles, and circles? Are you surprised at

the level of elementary school geometry discussed in the

overview?

b) Is geometry useful? If so, for what? How would you compare

the importance of geometry with that of arithmetic? Would

the parents of an elementary school child be likely to agree

with you? Do you see any possible development that might

change the relative importance of arithmetic and geometry?

c) In your school experiences with geometry, has there been any

emphasis placed on the occurrences of shapes or on the appli-

cation of geometry learnings to real-world problems?

3. Read the short essay which follows. The point of this brief

essay is to provide you with some idea of how the content of

this unit relates to your goal .of becoming an elementary school

teacher.

7
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AN OVERVIEW OF

THE ANALYSIS OF SHAPES IN THE ELEMENTARY SCHOOL

Geometry is unlike arithmetic. Most people agree that both subjects

are important. With arithmetic they not only agree that addition',

subtraction, multiplication, and division should be taught; they even

agree, to some extent, on when and how they should be taught. On the

other hand, with geometry there are maAy different points of view as

to how much, when, and why it should be taught.

1AO&I;zi

D'a

Geometry is on the upswing in the elementary school. Despite the

lack of consensus over goals and procedures, more and more geometry

is making its way into the elementary curriculum. It is not clear

what the future will bring, but you will need to be prepared to teach

it, whatever it is.

Current trends include increased emphasis on the relevance of

geometry to the environment. Instead of just being presented with a

shape to study, children abstract shapes from the shapes of objects

around them.

18
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Another recent development is the appearance of transformational

geometry in the curriculum. Some current texts include a few explor-

ations into rigid transformations (changes of location, not size or

shape). Other geometry material can be studied from a transforma-

tional point of view and may be, in the future.

The U.S. changeover to the metric system of measurement units

1110

has brought considerable recent emphasis to the topic of measurement

in the elementary school,. While this emphasis may abate, the utility

of measurement as well as the potential for concrete child-centered

measurement activities will assure it of a place in the curriculum.

9



It may surprise 3;ou that, in spite of the new topics and new em-

phases, a large portion of the elementary geometry curriculum con-

sists of the analysis of shapes. In this analysis the same topics

are treated informally that are treated formally in high school geom-

etry courses. Before we see what some of these topics are, it is

worth noting that because texts vary so widely as to geometry con-

tent, and because treatments of these texts by.individual teachers

vary so widely, we can only indicate here a few of the geometry ex-

periences that children might have during their schooling.

After some early awareness activities, in which children learn

to recognize and name such shapes as straight lines, triangles, rect-

angles, and circles, children may get some very informal experience

with the concept of similarity. For example, they could be asked to

choose or to draw figures which have the same shape as one that they

are given.

You may remember from high school that the sum of the measures

of the angles of any triangle is 180°. Young children certainly are

not up to a proof of this fact, but they can experiment with the

angles of paper triangles to see that they can be pieced together to

form a straight an9le.

10
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Do you remember the theorem about the square of the hypotenuse

11111

equaling the sum of the squares of the other two sides (the Pythago-

rean Theorem)? Children in the middle grades may be introduced to

the Pythagorean Thecirem (again with cutouts).

*

They may also study the A-ngles that result from intersecting

lines (vertical angles) and the location of points using ordered

pairs of numbers (coordinate geometry). In the upper grade, some of

the earlier topics may be revisited and refined. For example, scale

drawing provides a nice vehicle for studying the relationship between

equivalent ratios and similar shapes.

The numerical aspects of the Pythagorean Theorem can also be

developed, and elementary school children can even get into graphing
-0

simple functions. Some texts are also beginning to study the

11111
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tessellation (or tiling) property that some shapes have.

From even this brief sample you can see that there is quite a

bit of geometry in the elementary curriculum. One serious concern

is that this geometry be presented in a connected.and coherent man-

ner, so that the child develops competency and a sense of direction.

The lack of this coherence in the sample above is probably represen-

tative of the experiences that most children have with geometry.

This contrasts, by the way, with the arithmetic sequence, which tends

to be very carefully developed and very meticulously followed by the

teacher.

Since geometry is the study of real-world shapes, and since the

'analysis of these shapes has real-world applications, it seems appro-

priate to take advantage of this real-world relevance to give coher-

ence and direction to the analysis of shapes. With each shape one

can

Observe occurrences and uses of the shape in the real world;

Analyze the shape;

Apply the analysis to real-world problems.

For example, with triangles one can observe their occurrences as

sources of structural stability.

12
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One can then analyze triangles with respect to sides, angles,

etc.

Then one can apply this analysis to such real-world problems as find-

ing distances, stabilizing structures, and constructing square cor-

ners.

This same sequence (occurrences, analysis, applications) can be

followed for straight lines, circles--in fact, for any shape one

wishes to study. The teacher who keeps these steps in mind in devel-

oping geometry lessons for children will be more likely to -provide

geometry instruction that has coherence and direction.

13
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Section I

STRAIGHT LINES

/Straight lines are among)the most basic shapes to be analyzed. In

this section, lines and the relationships between lines will be ana-

lyzed. In Activity 1 occurrences of straight lines in the real world

will be presented. Then in Activities 2, 3, 4, and 5 you will engage

in the analysis of straight lines. The analysis includes the study

of the angles between'intersecting lines9 straightedge-and-compass

constructions, and coordinate geometry. Finally in Activity 6 you

will apply your analysis of straight lines to some real-world prob-

lems.

To help you keep track of what you are doing, each activity in

this section and the next two will be introduced by a small matrii.

like the following one

Occur.

Anly.

Appl.

/ 6 0

"Occur, ," "Anly.," "Appl." are abbreviations for "occurrences,"

"analysis," and "applications," to indicate what the focus of the

activity is. The symbols across the top designate whether the activ-

ity is concerned with straight lines, triangles, or circles. The

15
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black square in the matrix on the preceding page indicates that the

activity is concerned with applications of circles.

MAJOR QUESTIONS

As a result of Section I,you should be able to provide adequate an-

swers to the following questions.

1.

Ose a straightedge and compas*to construct a straight line

through point P parallel to the line t.

2. Graph the pairs (x, y) that are solutions to the equation

2x - y 4.

3. Explain what straight lines and the great circles on a sphere

have in common.

25
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ACTIVITY I

11111 STRAIGHTNESS

FOCUS:

Your life is full of straight lines. In this activity, you will be

asked to identify how and why straight lines occur.

MATERIALS:

Globe.

DISCUSSION:

The cable between a tow truck and a car is straight because it is

pulled taut by forces acting on it. The pathway worn In the grass

across a school yard is straight because it provides the shortest

possible route for students to get to where they waft to go. The

edges of many buildings are straight because they are the intersec-

tions of the plane sides_ of the buildings. Straight lines may be

used by an artist, e.g., for separation, direction, and balance.

Windflow, congruence, momentum, and many other phenomena inspire the

use of straightness. As you look around and think, you will be able

to determine why many lines are straight. Others may be straight

for no reason, by chance, or just by tradition.

DIRECTIONS:

I. Identify as many occurrences of straight lines in your 11fe as

possible. For each occurrence:

a) Describe the occurrence;

b) Analyze why you think the line i trfqhP.

2. Try to describe a straight line to a classmate without relating

to physical objects.

17 26



Briefly list those attributes of a straight line which distin-

guish it from a curved line. In what situations is each most

useful? For example, which is easier to measure and why?

4. OPTIONAL: Read The Dot and the Line: A Romance in Lowen Mathe-

matics, by No/1.ton Jate, pubtished by Random Nouse in 1963.

5. Discuss a strategy that you would use to help young children

learn what "straight" means.

6. What attributes of a straight line is Johnny Cash evoking when

he sings, "Because yqu're mine, I'll walk the line"?

7. If you were walking on the equator, you would think that you

were walking a straight line. Experiment with a globe to de-

termine which curves on the globe share which properties of

straight lines. For example, on a sphere what are the analogues

to parallel lines?

27
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ACTIVITY 2.

STRAIGHT LINES AND THEIR INTERSECTIONS

FOCUS:

/ 0
Occur.

An ly.

Appl.

Having studied the occurrences of straight lines, you will now have

an opportunity to analyze straight lines. In particular, you will

be concerned with how straight lines interact with each other to form

geometric shapes.

DIRECTIONS:

1. Two (infinitely extended) straight lines can have four possible

relationships with each other in space.

"a) Describe each of the four relationships.

b) With pencil and paper illustrate the relationships described

in (a).

c) How many different planes could contain a single line?

Given two lines, how many different planes could contain

both of them? (You mO want to consider different cases for

the two lines.)

d) Which of the relationships described in (a) can hold in a

(two-dimensional) plane?

e) How would you describe a point? Could you use two straight

lines.in your description? iiow many different strai,ght lines

can pass through one point? How many through two points?

What is the situation with three points?

2. When two straight lines intersect in a point, several angles

are formed. Are all of thetangles always the same? Are all of

the angles sometimes the same? Are some of the angles always

the same? Are some of the angles sometimes the same? Experi-

ment with some straight lines in order to arrive at answers to

these questions. Illustrate your answers with examples.

-19
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3. Solve each of the following problems.

a) Two straight lines intersect in such a way that the measure

of angle A is 145°. Find the measures of angles B, C, and D.

Use reasoning rather than a protractor to arrive at your

answer.

Measure of angle A = 145°

Measure of angle B

Measure of angle C ='

Measure of angle D.=

b) Two parallel lines are intersected by a transversal in such

a way that the measure of angle F is 58°. Find the measures

of the other lettered angles.

Measure of angle A =

Measure of angle B =

Measure of angle C =

Measure of angle D =

Measure of angle E =

Measure of angle F = 58°

Measure of angle G =

Measure of angle H =
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c) Two perpendicular lines are intersected by a transversal

such a way that the measure of angle D is 36°. Find the

measures of the other lettered angles.

Measure of angle A =

Measure of angle B =

Measure of angle C =

Measure of angle D = 36°

Measure of angle E =

Measure of

Measure of

Measure of

Measure of

angle F =

angle G =

angle H =

angle I =

in

4. So far in this activity we have been analyzing relationships

between infinitely extended straight lines. Most of the

straight lines that occur in your life are finite and are often

referred to as line segments. Describe and illustrate the pos-

sible relationships between two line segments in-space. Check

around to make sure that you haven't oVerlOoked any.

5. Length is an attribute of line segments.

a) How would you describe length to a first-grader?

b) How might you use the concept of length of line segments to

determine an estimate for the length of the curve below?

c) Describe as many different ways as you.canthink of to deter-

mine which of two line segments is longer.
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ACTIVITY 3

STRAIGHTEDGE-AND-COMPASS CONSTRUCTION
Occur.

An ly.

Appl.

FOCUS:

You will be introduced to straightedge-and-compass constructions of

various shapes which consist of straight lines. These constructions

will not only play a role in the analysis of straight lines, but they

will also be'useful in-the analysis of triangles and circles.

MATERIALS:

Straightedge, compass, and current elementary mathematics text series.

DISCUSSION:

As a practical matter, one sometimes wants to reproduce atcUrately a

certain geometric shape. A straightedge and compass can be conve-

nient for doing this. Straightedge-and-compass constructions are

also involved in many of the classical problems of Euclidean geometry

and are studied in high schoorieometry courses. Moreover, straight-

edge-and-compass constructions can be fun for children, since they in-

volve them in actually doing something and since they can produce an

attractive and accurate result if some care is exercised. In this

activity you will be introduced to straightedge-and-compass construc-

tion and will have an opportunity to practice it on shapes which con-

sist of straight lines.

Straightedge-and-compass con ruction is a game* which has his-

torical, theoretical, and practical spects. The following are the

rules of' the game:

a) You can use the compass to make an arc of a circle.

*We use the term "game" since the rules are somewhat arbitrary and
restrictive. For example, you are not allowed to use a ruler, i.e.,
a straightedge with length marks.
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b) You can use the straightedge to draw an "infinite" line or to

join points. (No measuring or marking on the straightedge

is allowed.)

As a comment, we-note that points are made by intersecting arcs, by

intersecting arcs with lines, or by intersecting lines,. For example,

suppose that you wanted to construct a line segment congruent to

(same size and shape as) AB.

A

There are several ways to proceed. Here is one.

Step 1: Draw a line with your straightedge.

Step 2: Pick any' point on this line and label it "A'." Starting wit'i

point A', make an arc with radius equal to the length of

the line segment AB. Call a point where the arc intersects

the line B'. Then you have constructed A'B''congruent to

AB.

A'
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DIRECTIONS:

Use a straightedge and compass to do each of the following.

I: Accurately reproduce this angle.

Check your results by.laying your

constructed angle on top of this

printed angle.

2. Construct the bisector of the angle that you constructed in (1).

(The bisector of an angle is a.line that separates the angle

into two congruent angles.)

3. OPTIONAL: Accutatety tepto-

duce .11ti.,6 44/ape. (Check

your' conztuction.)*

4. Construct two perpendicular lines.

5. Construct two parallel lines.

6. Choose a current elementary mathematics text series and deter-

mine how and at what level straightedge-and-compass construc-

tions are introduced.
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ACTIVITY 4

11111

POINTS AND NUMBER PAIRS

FOCUS:

Occur.

Anly.

Appl.

/ 6 0

In drder to bring numbers and, eventually, algebra into your anal.isis

of straight lines, you will need to have skill with locating geomet-

ric points by means of number pairs. This activity will serve as an

introduction to or a review of that skill.

MATERIALS:.

Graph'paper.

DISCUSSION:

-3 -2 -1 0 1 41 3

<- 1 F I 1 I I 1 1 I >

1

2-
,r,

You should be familiar with the number line as pictured above. Every

point on that line can be designated with a real number, and every

real number designates a point on th'e line. Once the locations of 0

and I have been chosen, the location of every other real number is

determined.

25
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Two such number lines that are.perpendicular to each other and that

intersect at their zero points can be used to locate points in a

plane (not just on one line). We will illustrate the procedure for

doing this with examples.

(-1, 2)

2

1

-2

(-2,,-1)

-1

-1

1 2
)1.

-2

(2, -1)

The point (1, 1) is located by traveling to 1 on the horizontal num-
.

ber line (x-axis) and then traveling'up. (parallel to the y-axis ). one

unit. To get to thepoint (-1, 2) one travels to the left on the x-

is to -1 and then up paallel to.the y-axis two units. Notice that

the point (2, -1) is in a different location, since the first number

(x-coordinate) locates the point.relative to the x-axis, abd the sec-

ond number (y-coordinate) locates the point relative to the y-axis.

DIR6eTION.S:

1. Draw coordinate axes (x-axis and y-axis) on some graph paper and

locate the points which correspond to the following pairs of
1 ,

numbers: (2, 2), (- 2
'

1), (- -47), (3, -1).
2
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2.

3.

A

D

2

1

A
-

B
lo-..4

-2 -1
n

-1

1 2

C

V

Estimate what you_think the x- and y-Coordinates of A.,kB, C, and

D are.

A

II

III IV

Coordinate axes divide the plane into four quadrants, which have

been labeled I, II, III, and IV above.

a) In which quadrant are both coordinates always negative?

b) In which are both always positive?
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c) In which quadrant is the first coordinate always positive

and the second always negative?

4. The intersections of two walls of your room with the floor can

be used as coordinate axes. One corner can be used as (0,0).

Your pace can be used as the unit of length.

a) Locate several of your classmates in the room by means of

ordered pairs.

b) Have iomeone close his or her eyes. When he opens them again,

give him the oi-dered pair that locates a classmate, and see

if he can identify the classmate.

5. The houses in most towns, the seats in a theater, or the rooms

in a school building are located according to a coordinate sys-

tem of sorts. In each of those cases, try to see the analogy

with the coordinate system discussed here.

, 37
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ACTIVITY 5

EQUATIONS AND LINES

FOCUS:

Occur.

An ly.

Appl.

/ AO

In this activity the relationship between a fdmily of very simple

equations (linear equations) and a family of very simple geometric

shapes (straight lines) will be established. This relationship will

be developed further in Activity 14, once the concept of similar tri-

angles has been established.

MATERIALS:

Graph paper, straightedge and current elementary mathematics text

series.

DISCUSSION:

At first glance, algebra and geometry may seem to be unrelated. It

is to the benefit of each that they'are'nolrunrelated. In this ac-

tivity you will see that if one has an equation in x and y--for ex-

ample, x + y = 2, 2x - y = 0, or -x + 31= 0, the solutions to such

an equation are number pairs (x, y). All of the number pairs that

are solutions to-one of these equations form a nice pattern (or

graph), namely, a straight line.

ax'+ by = c

Solution pairs

(x, Y)

Graph

x

29
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Once such a relationship between geometry and algebra has been estab-

lished, one can use the various rules, theorems, and manipulations

from algebra to analyze geometric shapes, and one can use geometric

shapes to illustrate certain algebraic relationships.

DIRECTIONS:

I. let's start with the equation 2x + y = I. Fill in the table be-

low and the corresponding list of ordered pairs of solutions to

the equation. (There are infinitely many possible pairs. You

are free to choose any solution pairs that you like.)

-I (I, -I) locate on the set of coordinate axes

)
below the points that correspond to the

) ordered pairs. Do the points fall on a

) straight line? If not, check your work,

) because they should.

1

__.f....._.

3

2. Repeat the procedure in (I) with:

a) x - y = 0;

b) 2x + 3y =

Draw the graphs on graph paper.
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3. a) If you have not already done so, draw the straight-line graph

for each of the three tables that you prepared in (1) and

(2).

b) There are infinitely many points on each of the straight

lines that you have drawn, even though you have labeled only

a finitenumber of them. Does each of these points corres-

pond to a pair of numbers which solve the equation? To get

a feeling for the answer to this quest4on, find solution

pairs for which x = x = 2, x n if, for each of the equa-

tions in (1) and (2). Could you find a solution pair no

matter which x you choose? (Try a little algebra.)

4. Show that each of the three equations above is of the form

ax + by = c. That is, name the a, b, and c for each equation.

What we are hinting at here is the following statement

(which is true): The solution Kim of Am equOion of

the form 42Ltlitc:jc make 4 IwAsight line when they are

graphed.

5. find an equation of a straight line which goes through the

points (0, I) and (I, 0). Hint: Look for one of the form

ax + by . c.

6. Two points determine a straight line. Use this fact and what

you know about the graph of ox + by a C tO quickly graph each

of the following.

a) 4x + 3y . 9 b) x y 1

c) x 3 (You want alt
(x, y) where x

d) y 3 (You want all. (x, y)
where y 3.)

7. Choosc a current elementary text series to see if, how and at

what level linear equations are introduced.
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ACTIVITY 6
Occur.

PLAYING IT STRAIGHT Anly.
Appl .

FOCUS:

Now that you have identified instances of straightness and have, had

an opportunity to analyze a few properties of straight lines, you

can consider a few simple ways in which your knowledge about straight ,

libes affects your decisions arJ actions.

DIRECTIONS:

1. If you want to nail a board to your wall, what is the smallest

number of nails that you,can use and still be sure that it is

secure? Which of the facts studied in Activity 1 helped you

make your decision?

2. The following trivial applicatioK of knowledge about straight

lines is frequently ignored by landscape architects. How would

you determine the location and shape of walks to be placed in a

heavily traveled area in order to avoid having people walk on

the grass?

3. Is it possible 'for the intersection of two straight roads to

form two 45-degree angles and tdd 110-degree angles?

4. Find the shortest route from A to B following the city streets

in the diagram below. Is there only one? What would the "city"

equivalent of a straight line be?
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5. Suppose that you are a carpenter and that you are following

blueprints in the construction of a home. The blueprints show

two walls meeting in the angle pictured below. Devise a

strategy for determining whether or not your walls actually do

meet in the pictured angle. See if you can come up with several

different ways of being sure.

6. If your sixth-grade class had a football game coming up and

, wanted to mark off a foottcall field, how would you advise the

.kids to make sure that the opictsite sides of their fieleare

parallel?
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Section II
TRIANGLES

Triangles are simple shapes, and they are important in the real world

as well as in the study of geometry. In Activity 7, occurrences of

triangles will be studied. In subsequent activities (8, 9, 11, 12,

13) the angles and sides of triangles and their relationships are

analyzed. In Activity 10, the Pyth9orean Theorem is applied to the

concept of length. In Activity 14(the equivalent ratios property of

similar triangles is applied, to aid in finding the equation of a

11111 . straight line, given two points on the line. Then in Activity 15

other applications of triangle learnings are investigated.

MAJOR QUESTIONS

1. Find the sum of the angles of the polygon below without measur-
7,

ing the angles.
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2. Below are some sets of three lengths each. Indicate which could

be the sides of triangles. Among those, indicate which could be

the sides of right tri'angles, and identify any pairs of similar

triangles.

1 cm, 3 cm, 1 cm

1 cm, 2 cm, 3 cm

4 cm, 4 cm, 5 cm

6 cm, 10 cm, 8 cm

5 cm, 3 cm, 4 cm

2 cm, 2 cm, 2.5 cm

Discuss the stability of triangles giving attention to:

a) Its application in the real world;

b) The mathematical reasons for it. (I.e., using theorems, give

an argument which shows that triangles are stable.)

44
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ACTIVITY 7

11111

THE IMPORTANCE OF TRIANGLES

FOCUS:

/ 6 0
Occur.

ly.
Appl.

In Activities 1, 2, and 3, straigh lines were studied. First some

of the occurrences and properties of straight lines were noted. Then

straight lines and line segments were analyzed in order to determine

certain relationships. .Finally, some attention was given to the use

that you might make of what you-had learned about straight lines. In

the next activities, you will.go through a similar pattern with tri-

angles.

This activity focuses on the occurrences and properties of tri-

angles. In other words, it addresses itself to the question of why"'

triangles are worth studying.

MATERIALS:

Paper, ruler, scissors, construction paper strips (at least twelve

I-inch x 8-inch strips per student).

DIRECTIONS:

I. Each_of the following geometric shapes has been triangulated.
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This shape has not been triangulated.

Do you see what is meant by "triangulate"?

.

a) Triangulate each of the following geonletric shapes:

}

Triangulate in two differ-
ent ways.

,.

i

38
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W'Can you give some examples of shapes that cannot be triangu-

lated?

c) You'May recall that the Sum of the angles of a triangle is

180°. Use this fact and your newly acquired skill of trian-

gulation to find the sum of the angles of the following

shapes.

d) 'OPTIONAL: A teguta& poygon Af.6 a potygon ate o6 whose sides

ate equal. and ate o6 whose angtes ate equat.. Betow ate pic-

tuned tegutat potygons with thtee, 6out, 6ive, and six sides.

Detetmine the sum o6 the anges o6 each o6 these potygons..

Then' tty to genetate a 6otmuLa 6ot the sum o6 the angtes o6

a tegutat potygon with n sides, 6ot each positive integet

>
n 3. (Check to see i6 yout Onmola woths on the Out tegu-

tat potygons above.)
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e) Is the quadrilateral as basic as the triangle? That is,

could one "quadrilaterate" the same shapes that one can tri-

angylate? For example, the following triangle is quadrilat-

erated.

What aboGt other polygons? Can you determine'what the sum of

the angles of any quadrilateral is?

2. Triangles have the unique property among polygons of being rigid.

As.you will, see, this fact, together with the fact that all poly-

gons can be triangulated, enables one to stabilize many',.differ-

eht structures.

a) To see what it means to say that triangles are rigid, make

each of the following shapes out of construction paper strips

and brads. Try to change the shape of the figure without

tearing or bending the sides.
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b) See if you can stabilize the unstable shapes by triangulation

(or even partial triangulation).

c) Think of 4s many real-world instances as you can where trian-

gles have been used to stabilize shapes.

3. Triangles have another virtue that gives tl:lem real-world signif-

icance. Namely, triangles tessellate. Roughly speaking, this

means that triangles are good shapes to make floor tiles out of.

a) Put five or six sheets of paper together and cut out five or

six congruent triangles. Place the five or six triangles to-

gether into a pattern With no holes or overlaps.

b) You can do the same thing with a square. Do you.think that

you could do it with any old quadrilateral such as this one?

c) What about with circles?*

4. Look around you and find as many occurrences of triangles as you

can. Try to determine which (if any) 'of the above properties

(i.e., triangulation, rigidity, and tessellation) gave rise to

each occurrence that you find.

*Tessellation is a fascinating subject in its own right, and there
are many intere$ting shapes that tessellate. The point of this exer-
cise is that triangles are useful because any triangle will tessel-
late. For further study of tessellation, you are referred to the

r Transformational Geometry unit and the Measurement unit of the Mathe-
matics-Methods Program.
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ACTIVITY 8

ANALYSIS OF TRIANGLES--SIDES Anly.

APO,

FOCUS:

Having recalled that triangles do occur in your life, and having seen

that triangulation,.tessellation, and structural stability give tri-

angles special reasons for occurring, you will now begin your analy-

sis of triangles. In this actviity you will see just which combina-

tions of lengths qualify as the three sides of some triangle.

MATERIALS:

Straightedge, compass.

DISCUSSION:

In this activity you will begin your analysis of triangular shapes

by using a straightedge and compass to construct.certain triangles.

IIIThen you will be asked to discover or recall (with help if needed) a

relationship that exists between the 1,0figths of the sides of any tri-

angle.

DIRECTIONS:

1. Use straightedge and compass to construct a triangle congruent

(same size and shape) to each of the following two triangles.
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2. The principal ingredient of a triangle is its sides. Some com-

binations of lengths can be the sides of a triangle, some cannot.

a) Try,to construct (with straightedge and compass) a triangle

with each of the following two combinations of lengths as

sides.

2 cm 1.5 cm

2.5 cm 2 cm

3.75 cm 4 cm

b) You should have succeeded with one combinationand failed

with the other. Try to analyze what it is that distinguishes

combinations that work from those that don't.

3. There is a rule (or theorem) which predicts which combinations,

of lengths can be used to construct a triangle.

a) Write down the rule. (This may simply invoive your remember-

ing the rule from high school geometry. It may involve your

analyzing your constructions above. It may involve talking

with your classmates or instructor.)

b) Test your rule on each of the combinations of'lengths that

you used in (1) and (2) to see if it accurately predicts suc-

cess and failure.'

c) Modify your rule if it proves faulty.

4. Use your rule to predict which of the following combinations of

lengths would not work as the sides of a triangle.

6 cm, 2 cm, 3 cm

3 cm, 4 cm, 5 cm

3 cm, 4 cm, 7 cm

8 cm, 4 cm, 6 cm
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In this activity

a) You had some experiences with constructing triangles from cer-

tain combinations of lengths.

b) You stated a rule or generalization about that experience.

c) You tested that rule to see if it was consistent with your ex-

perience.

d) You applied the rule to new situations.

This sequence of steps is often found as paOt of an effective strate:

gy for developing geometry concepts with children. Reflect on it

now. It will be discussed further later.
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ACTIVITY 9

1110

ANALYSIS OF RIGHT TRIANGLES

FOCUS:

6 0

You will continue your analysis of triangles by analyzing the sides

of right triangles and by working with the relationship between the

sides of a right triangle that is described by the Pythagorean Theo-

rem.

MATERIALS:

Graph paper, metric ruler, straightedge and compass.

DISCUSSION:

Right triangles are special triangles. One encounters them in shor-

ing up a sagging door and, for that matter, in many situations where

a heavy weight needs to be supported against falling straight down

and against toppling sideways. For example, look at the tent illus-

trated below. Do you see the structural roles played by right tri-

angles?

45
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sight triangles have a very special mathematical property which is

described by the Pythagorean Theorem.

In this activity you will do some experiments that you might

have an upper elementary child do in order to discover or confirm

the Pythagorean relationship. Hopefully, in addition to gaining

experience with some activities that you might do with children, you

will gain further insights into the Pythagorean relationship and in-

to informal approaches to verifying it.

DIRECTIONS:

1.

Triangle A Tria le C

Each of the above triangles is a right triangle. Measure the

lengths in centimeters of the sides and fill in the table be-

low.

a b

_

,

Triangle A

Triangle D
..--

Trian le C

1

_
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Do your measurements (allowing for inevitable error fróm estima-

tion) support the Pythagorean.Theorem, which says that a
2
+ b

2
=

c
2
?

2. a) Write down a careful statement of the Pythagorean Theorem.

(Get help if you need it.)

3.

b) Check your theorem or rule against the examples in (1).

c) Apply your rule to the following triangle to see if You think

it is a right triangle.

Use a straightedge and compass to construct a triangle with

sides congruent to the above line segments.

a) Did it turn out to be a right triangle?

b) From the Pythagorean Theorem, would you have expected it to

be a right triangle? Notice that here we are using a
2

+ b
2

=

c
2

a different way. In (1) and (2) we were observing that if

a, b, and c are the lengths of the appropriate sides of a

right triangle, then a
2
+ b

2
= c

2
. Here we are saying that

since a2 + b2 = c2, we would.eApect a triangle with'sides

a, b, and c to be a right triangle. Both of these uses are

legitimate for the Pythagorean Theorem.

4. The Pythagorean Theorem is valid, and you have gone through some

steps that were designed to increase your confidence in its
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validity. Read and think for a moment about the following

stafement.

The lengths of the sides of every right triangle

a're multiples of 3, 4, and 5.0
Do you believe the statement?

a) Check back through'the examples that you did in (1); (2), and

(3) above. See if, indeed, each of the right triangles has

sides that are (all'owing'for imprecision of measurement)

multiples of 3, 4, and 5 (e.g., 6, 8, and 10; 1.5, 2, and

2.5).

b) Since you based your belief in the Pythagorean Theorem on

those triangles, shouldn't you believe the above statement on

the basis of those triangles?

c) Take a piece of graph paper and draw several right triangles

without paying particular attention to the length of the

sldes (they are easy to draw on graph paper). Does each of

your triangles have sides which are multiples of 3, 4, and 5?

Obviously, the statement is false. .There are many right triangles

with sides that are not multiples of 3, 4, and 5. Consider the fol-

lowing:

But every example that you were given in (1), (2), and (3) had sides

that were (allowing for measurement error) multiples of 3, 4, and 5.

So you had, on the basis of these examples, just as much reason to be-

lieve the statement in (4) as you did the Pythagorean Theorem. Why

48
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did we try to mislead you? . . . There are twO points to be made,

(i) a pedagogical point, and (ii) a point concerning the verification

of generalizations.

i) When.choosing examples to illustrate a concept, a teacher
0

must be careful to avoid developing misconceptions in stu-

dents.

ii) There is a need for sone form of verification or proof that

goes beyond generalizingfr6M examples: One's examples may

not be representative of the general situation. None of this'

negates the fact that the Pythagorean Theorem is true and

that the statement in (4) is fale. It just illustrates a

dadtential pitfall in generalizing from examples and a pre-

caution that one should take in choosing examples.

5. Indicate how you would change (1), (2), and (3) above in order

to avoid possible misconceptions.

6. a) Indicate which of the following number triples are the sides

of a right triangle.

1.8, 2.4, 3; 5, 1, 2;

1, 2, 1; 5, 12, 13;

b, (a2 -1-'1)2) where a > 0 and b > O.

b) Generate two "Pythagorean triples" of your own; i.e., find

two more sets of positive integers, a, b, and c, which can

be the lengths of sides of a right triangle. Be sure that

at least one of the triples is not a multiple of 3, 4, and 5.
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7.

The picture above suggests an interpretation of the Pythagorean

Theorem in terms of the areas of squ res on the three sides of

a right triangle. Draw such a right riangle on a sheet of

paper, and "verify" that a
2
+ b

2
= c

2
by cutting up the smaller

squares and fitting them on top of the larger square.

TEACHER TEASER

Generating Pythagorean Triples

1. (3, 4, 5) is a Pythagorean triple since
32 42 52.

Find another Pythagorean

triple.

2. There is a rule that says that if a and b

are numbers so that b + (b + 1) = a
2

, then

the numbers a, b, and (b + 1) are a Pytha-

gorean triple. For example, if you let

a = 3 and b = 4, b + (b + 1) = 4 + 5 = 9 =

a
2

. Use this rule to find two more Pytha-

gorean triples.

3. Show why the rule works.
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8.

a) What does the above picture have to do with the Pythagorean

Theorem?

b) Discuss the advantages and limitations of the approach illus-

trated by this picture for convincing a child of the truth

of the Pythagorean Theorem? (E.g., which right triangles can

it be applied to?)

9 OPTIONAL: In exekci2e4 1, 2, and 3 you wene given exampte4 de-

zigned to convince you a the ttuth o6 the PythagoAean TheoAem.

In (7) and (8) you did an expetiment that acts() tended to make

the theoAem zeem Aeazonabte. /n high zchoot geometAy you pAob-

abty zaw a deductive pAoo6 o6 the Pythagmean Themem. paC11464

with yoUA cta44mateA what you might want to do with 6i6th-gAadeA6

to convince them o6 the tAuth o6 the PythagoAean Themem. (ThiA,

matteA wiet be cleat with in moAe depth in the dacuzzion oi

ve/Li6ication in the Puitth zection.)
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ACTIVITY 0

AN APPLICA ON OF THE PYTHAGOREAN THEOREM TO

LENGTH AND C RDINATES

,ccur.
An1

Appl .

/AO

\
FOCU:

We will digress from our analysis of triangles for a moment to apply

the results of the last activity. Here you will learn fo use the

Pythagorean Theorem to'find the distance between two points whose

coordinates you know. \

DIRECTIONS:

1. Suppose that you are driving in a straight line away from Indian-

apolis in your car.

a) If you start 5 miles away, how far have you traveled when you

are 12 miles away?

b) If you rest for a while'50 miles from Indianapolis, and'then

drive until you are 95 miles away, how far did you drive

after your rest?

c) If you start m miles away and drive until you are x miles

away, write an expression telling how far you have driven.

d) Illustrate each of (a), (b), and (c) on the number line below.

t 41 I tem'
0 10 20 30 40 50 60 70 80 90 100

Indianapolis Rest

e) What is the distance between the number 1.23 and the number

4.32 on the number line?

f) What is the distance between the number a and the number x

on the number line? (Be a little careful here-- a may be to

the left of x or to the right of x).

2. Suppose that the grid on page 53, represents the map of a care-

fully laid out city, so that to get from one place to another

one must travel along the streets.



0 Avenue 1 Avenue 2 Avenue 3 Avenue 4 Avenue

(0. 4) (1. 4) (2. 4) (3; 4) (4, 4)

(0. 3) (1, 3) (2, 3) (3, 3) \ 4 , 3)

(0, 2) (1, 2) (2, 2) (3, 2) (4; )

(0, 1) (1, 1) (2, 1) (3, 1) (4, )

(0. 0) (1, 0) (2, 0) (3, 0) (4. 0)

4 Street

3 Street

2 Street

1 Street

0 Street

a) How many blocks is it from the corner of 0 Avenue and 0

Street (i.e., (0, 0)) to the corner of 1 Avenue and 3 Street

(i.e., (1, 3))? Does it matter which direct path you take?

b) How many blocks is it from (2, 4) to (1, 2)?

c) Can you come up with a genpral formula for the (shortest)

distance from (a, b) to (x, y)?

3. Let's get off the city streets and travel as the crow flies.

(431, 4)

I

22

Find the exact distance between the two points above. (You may

have to think about this some. Make a triangle and use the

Pythagorean Theorem. Measurement with a ruler is not sufficient-

ly accurate here.)

4. Find the distance between each of the pairs of points represent-

ed on the next page.
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A

1-1 tZ , 2

I

1

4-14 3)

, 2)

5. a) Write down an expression for the distance between the points

(a, b) and (x, y).

b) Apply your expression to two of the pairs of points in exer-

cise 4 to see if you get the same results.

6. In this activity you developed a procedure for finding distances.

Then in 5(a) you arrived at a formula which can now be used

"mechanically." Are there any advantages in arriving at the

formula in this way, rather than being given the formula and

being asked to apply it? Discuss.
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ACTIVITY 11

411
ANALYSIS OF TRIANGLES--ANGLES

FOCUS:

Occur.

Anly.

Appl,

Each triangle, of course, has three sides and three angles. You have

had Some opportunities to analyze the lengths of the sides of tri-

angles. In this activity you will determine which combinations of

angles can be the angles of a triangle.

MATERIALS:

Paper, scissors, ruler and protractor.

DISCUSSION:

An angle consists of the union of two rays (half-infinite lines)

which have a common endpoint.

The measure of an angle is a 6umber which describes the amount of

turn to get from one ray to the other.

One unit of angle measure is the degree. The degree is 40th of a

turn through a complete circle. The measures of two common angles

follow:
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Right Angle

Straight Angle

90°

The most common device for measuring angles is the protractor.

Here the protractor is measuring a 450 angle.

In this activity you will study those combinations of angles which

can be the angles of a triangle. You probably already know, or at

one time knew, that any three angles whose measures add up to 1800

can be the angles of a triangle; so you will have some experiences

here to remind you of this fact and to apply it. You will see that

one might plan some similar experiences for children.

DIRECTIONS:

1. a) Draw and cut out several triangles of different sizes and

shapes.
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b) Measure the angles with a protractor and fill in the follow-

ing table.

1
4-0

CC
W
S.- W

0 Cf/
M 0
0 cr

4-0
0:1

W
S.- Wr-
0 CP
M 0
0 cL

4-0
C-3

W
5- W= r-
0 C0
M 0
0 <IC

W.0 0
-P W W 0
4- = +.-, r-0 0 CT

E 0 0 m
= E
(//

1

2

3

4

5
.

c) Write down a careful statement of the rule that describes

which sets of three angles "qualify" as the angles for some

triangle.

2. Tear off the vertices of one of ypur triangles and piece them

together to.get a physical model of your rule in 1(c). (Remem-

ber that the measure of a straight angle is 1800.) Repeat this

process with several of your triangles. Do your results confirm

your rule?

3. OPTIONAL: F ycu ztatt at one cotnet o6 a ttiangte and ztatt

watkLng atound the ttiangte, you witl. tutn a comptete ciltae

(3600) by the time you tettan to youn oft4inat pozition. We

thiz tiact to "detive" a tute eon the zum o6 the angtez o6 a

ttiangte. Thiis a tittte tnicky, but -1_6 you think it thnough

cateliutty, you may be abte to zee it.
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)(. .a) Which of the following sets of measures could be the angles

of a triangle?

1°, 62°, 117° 30°, 30°, 30°

45°, 45°, 45° 29°15', 37°40', 113°5' *

60°, 60°, 60°

b) Use a protractor and ruler to draw triangles with two of the

above sets of angles.

c) Complete each of the folloviing sets of measures so that the

resulting set could be the measures of the angles of a tri-

angle.

40°, 40°, 18°18',

90°, 90°,

5. The following is a rule or theorem which can be verified direct-

ly by using the rule that the sum of the measures of the angles

of any triangle equals the measure of a straight angle:

For any triangle the measui..e of an exterior angle

equals the sum of the measures of the opposite

angles of the triangle.

The rule says that the measure of E equals the sum of the mea-

sures of A and B. Your task is to verify that this is true for

every triangle, using what you know about the angles of a tri-

angle.

1

*15','for example, designates 15 minutes where 1 minute is ---th of a
60

degree.
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Itok

Plan and outline a development for fifth-graders of the rule

that the sum of the measures of the angles of a triangle equals

the measure of a straight angle. Give some thought to what a

child should know,before your lesson starts. Also consider how

you would make sure that a child had learned the rule.

7. Here you have measured, cut, and walked your way to a rule for

the sum of the angles of any triangle. In high school geometry

you probably proved a theorem wiiich stated the same rule. There

are several ways that people become convinced of the truth of

statements:

People accept statements on the authority of others.

People generalize from specific instances or experiences.

People are convinced by plausibility arguments.

People construct deductive proofs.

Discuss:

a) Was what you did in (I), (2), and (3) a proof? If not, what

was it?

b) Was what you did in (5) a proof?

c) Are you sure that the sum of the measures of the angles of

any triangle equals the measure of a straight angle? If so,

what convinced you? If not, what would it take to convince

you?

d) Why do you suppose that a child, a high school student, and

a professional mathematician might be respectively harder to

convince of the truth of a mathematical rule? (More atten-

tion will be given to these questions later.)

8. OPTIONAL: Think about it. Ake you 411/Lionized that eveky

angee haz the hame angte hum? 16 you weAe to Amu) tkiangte4 on

a vhete, woutd you 6ind the zame thinge Tty it.
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ACTIVITY 12

ANALYSIS OF TRIANGLES--SAS, ASA, ETC.

FOCUS:

You have analyzed the sides of triangles and the angles of triangles.

Now you will put them together to analyze some relationships among

the sides and the angles of triangles.

MATERIALS:

Metric ruler, protractor, straightedge, compass, schsors, graph

paper, and tracing paper.

DISCUSSION:

We are studying triangles here. However, we open with a brief dis-

cussion of quadrilaterals, in order to provide a basis for comparison.

One can have many different quadrilaterals with the same iges.

For example, these two quadrilaterals

L-2
have iides of the same length. Is the same thing trio. for Wangling

One can also have many different quadrilaterals with the 58me (MOM

Fur example, thme three reqW11115
eaa,smac=1.0./.

mac,=======mob

all have the same Jnfiles. Note, however, that they dnn't even hove

the same shape, lot alone the camp size: Is tho cituatien the !are

for triangles?

$41



There is only one quadrilateral that has four 2-ami 1,,i.des and

four right angles, namely, the square below.

1111,

In this case, we say that the four sides given and the four angles

given determine a quadrilateral. We saw above that giving four sides

alone does not determine a quadrilateral, since many quadrilaterals

can be made with the same four sides.

In this activity you will analyze which combinations of sides

and angles determine a triangle and which do not. In particular, you

will study the ASA and SAS combinations that are familiar from high

school geometry courses.

DIRECTIONS:

Do each of the following in order to discover what conditions deter-

", mine a triangle.

1. In (a), (b), (c), (d), (e), and (f) below, you will be given

various combinations of sides and angles.

In each case you should try to draw at least one triangle

that has the given Odes and angles. (You may want to use

tracing paper, scissors, protractor, compass, or graph paper.)

In each case you should decidd which of the following is true.

i) No triangle is possible with those sides and angles.

ii) Exacia 20triangle is possible; that is, the particu-

lar comAotion determing;s a triangle.

iii)Two or more hpncongrueht triangles are possib1e with the

particular combination of sides and angles.

a) Attempt to draw a triangle or triangles with the following

combination of too angles and a side, with the side between
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the two angles. Then indicate which of (i), (ii), and (iii)

above is true about this particular combination.

b) Answer the same question with the same side and angles as in

(a) but with the side not between the two angles.

c) Do as in (a) and (b) for the following combination of two

sides and one angle, with the angle between the two sides.

d) Answer the same question with the same angle and sides as in

(c) but with the angle not between the two sides.

e) Do as above with the two angles below.

f) Do at:, above with the three sides below.

2. To summarize your findings indicate which of the following com-

binations Of ingredients seem to determine a unique triangle.

(You should expe(t to have to do additional experimentation for

vime of /our answers.)
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a) Two sides and the angle between them (i.e., the included

angle), referred to as SAS.

b) Two sides and an angle which is not between them, SSA.

c) Two angles and the-side between them, ASA.

d) Two angles and a side that is.not between them, AAS.

e) Three angles the sum of whose measures is 180°, AAA.

f) Three sides, the sum of any two of which is greater than the

third, SSS.

3. Answer the following questions:

a) If one side is 3 cm long, another is 4 cm long, and the angle

between them is 900, what must the length of the third side

of the triangle be? Draw the triangle and estimate what the

measures of the other two angles must be.

b) If a triangle has angles df 30° and 400 and if the side be-

tween them is 5 cm long, what must the measure of the other

angle and the lengths of the other sides be? (Estimate the .

lengths of the sides after drawing the triangle.)

c) Make up another question in the spirit of' (a) and (b), and

give it to a classmate to do.

4. Discuss with your classmates any implicatio at can be drawn

from the above concerning the rigidity of riangles. (Is it

possible to change the shape of a triangl without changing its

sides?)

5. OPTIONAL: Answet the. 6ottong queistion,s, AA:eh tefate back to

the "D6cussion" at the beginning o6 thi.s activity.

a) As was pu,iated out in the "Discwssion," two quadnifatenaz

can have the same angfes and yet have a di66enent shape. 16
.

that possibte 6ut tkiangfes?

b) What ate some. m6timaf conditions that deteAmine a quadnaat-

etaf?
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ACTIVITY 13

ANALYSIS OF SIMILARITY

Occur.

Anly.

Appi.

/ o

AMC

.

FOCUS:

These two triangles are similar (same shape).

These two are not.

In this activity we will continue the analysis of triangles by inves-

tigating the ingredients of similarities.

MATERIALS:

Graph paper, protractor, and ruler.

DIRECTIONS:

1. a) Draw a triangle on graph paper. (Be sure that its sides are

small enough so that you can carry out the next step.)

b) Draw another triangle each of whose sides is exactly twice as

long as those of the first triangle.

c) Compare the appearance of the two triangles. Are they simi-

lar? That is, do they have the same shape?

d) Measure the corresponding angles of the two triangles.

e) Repeat the above steps making the lengths of the sides of the

second triangle one-third of those of the first.
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2. There is another way of expressing the fact that the lengths of

the sides are twice as long or onel.third as long.

A C

A' C'

If the sides of the larger triangle are three-halves as long as

those of the smaller one, that means that [Al"- 3
IA Bf

and
I/VC1 Here we see that the ratios of the lengths of
A C

corresponding sides of the two triangles are the same; i.e.,

IA.Ba liput L.11.1

IA Bi IB C I 1,1 121

Go back and test the ratios of the lengths of corresponding

sides of the pairs of triangles in (1).

3. a) Draw two noncongruent triangles which have angles measuring

300, 60°, and 90°. Measure the sides of each, and compare

the ratios of the lengths of corresponding sides.

b) Do as in (a) with angles of your own choosing.

Your experimentation in (1) and (2) was designed to suggest two rules:

When we say that two triannles have the same shape (are similar),

we are saying that their corresponding-angles are the same.

If the ratios of corresponding sides of two triangles are the

same, the triangles are similar.

Your experimentation in (3) was to suggest that:

If two triangles are similar, the ratios of corresponding sides

are equal.

*IABI is the length of the line segment AB which joins the points A

and B.
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In high school geometry, the first of these three rules is usu-

ally taken as a definition of similarity of-triangles, and the other

two are proved as theorems.

4. Which of the following sets of dimensions are the sides of simi

lar triangles?

a) 2, 3, 4, and 3, 4, 5 e) 2, 3, 2, and 3, 4, 3.

b) 3, 4, 5, and 6, 8, 10 f) V2', 3, 4, and 2, 3/2., 4/2.

c) 1, 11., 2, and 4, 6, 8 g)* 1, 2, 4, and 1, 2

d) 1, 1, 1, and .5, .5, .5

5. a) If a triangle has sides of lengths 3, 4, and 5 centimeters,

what would be the lengths of the other two sides of a similar

triangle whose shortest side has a length of 1 inch?

b) If a triangle with side's of lengths 1, 1, ./Y inches has

angles whose measures are 450, 45° and 90°, what would be the

measures of the angles of a triangle Whose sides are 4, 4,

/J7 inches?

6.

Use the fact that the ratios of corresponding sides of similar

*Be careful.
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triangles are equal to show that = -Qir for any two similar
c c

triangles.*

7. Similarity was invented in order to talk about the everyday con-

cept of "same shape." For triangles it turned out that two dif-

ferent characterizations of similarity were possible, namely:

Two triangles are similar if the corresponding angles have

the same measure.

Two triangles are similar if the lengths of corresponding

sides have the same ratios.

What about quadrilateral's? Does either of these characteriza-

tions work? That is, do either same.angles or equal ratios

guarantee you similarity? (You'may want to look back at Activ-

ity 12. You.also may_wantto sketch a few simple quadrilateralS

and experiment.)

8. OPTIONAL: Wh4;ch o6 the 6oZtowin9 atatements ake tkue 6ot ate

poeygons?

16 two poZygoms have the same shape, conAesponding angees

have the aame measute and the eengths o6 cottesponding aides

have the Zame katios.

16 the cotheaponding angees o6 two paygons have equat mea-

suite, the poeygons have the same ahape.

16 the tengths o6 cotAesponottng sides o6 two potygons have

equae tatioa, thy paygoms have the same ahape.

16 the cotkesponding angtes o6 two paygoas have equat mea-

aute, and the fengths o6 contesponding sides have equate

tatioa, then the paygovo have the same shape.

*Note: This fact is the basis of the subject of trigonometry.
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ACTIVITY 14

STRAIGHT LINES REVISITED

FOCUS:

/ 0
MINIM

IN MI

In Activity 6 you had experience with graphing the solution pairs for

equations of the form ax + by = c. You found that each of the graphs

was a straight line. In this activity the relationship between simi-

lar triangles and equal ratios will be applied to pursue the reverse

process. That is, given a straight line (at least, two points on

it), you will 'find an equation of the form ax + by = c.

MATERIALS:

Graph paper, straightedge.

DISCUSSION:

If you are traveling up a mountain, you might see a sign saying,

"Caution 20% slope."

20

100.

This sign means that for every 100 units traveled on the horizontal,

20 units are traveled vertically. So that ratio of "up" to "out" is
20

20 to 100, i.e., 0.20. So, if you traveled 5 kilometers hori-
100

zontally, you would go vertically 1 kilometer. If you traveled 10

kilometers horizontally, you would go vertically 2. In general, if

you went x kilometers horizontally, you would go vertically y where

y = 0.20x; 0.20 is called the slope of the road.
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-20

100

If the sign were at the top of the hill and you were about to travel

down, the sign might warn you .of a negative 20% slope. Now your
-20ratio of "up" and "out" is Triu = - 0.20, since you travel -20 units uo

when you travel 100 units out. So we say that this road has a slope

of -0.20. In your work below you will see what all this has to do

---wtth-ax + by = c.

)

DIRECTIONS:

1 Suppose that you are at the top of a hill and suppose that for

each 50 meters of your travel, you descend 5 meters.

a) Sketch a picture like those above.

b) Find the slope of the hill.

c) How far out would you have to go in order to descend 75

kilometers?

2. Find the slopes of the two lines below. (Treat them like hills

on which you will drive from left to right.)

(-3-, 1)
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3. a) Find the slope of the line below.

b) What does equal for any (x, y) on the line?

c) When x = 100, what does y equal?

(1, 1/2)

(0, 0)

4. a) Find the slope of the line below.

b) Put any point (x, y) on the line (e.g., the one drawn).

What does 1---1 equal? (You may want to look back at the de-
x-1

velopment of distance in Activity 10.)

c) Explain your answer to (b) in terms of "up" and "out."

5. Consider the straight line through the pints (-1, -1) and

(3, 1).

a) Find the slope of the line.
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b) What does Y-(-1 equal for any point (x, y) on the line?
x-(-1

c) Again, explain your answer in terms of "up" and "out."

6. a) In terms of the similar triangles pictured below and ratios

of lengths of corresponding sides, explain why
y-(- 1+1)
x-(-9 1-(-2)

b) Discuss how your answer to 6(a) provides a justification for

your answers to 4(b) and 5(b).

7. a) In (3), (4), (5), and (6) you produced equations involving

x and y. Take each of these equations and put it in the form

of ax + by = c. (You may want to get some help on the alge-

bra.)

b) Describe a general procedure for doing the following. Given

two points, find an equation of the form ax + by = c whose

graph is the straight line through two points.

c) Summarize what you have learned in this activity and in Activ-

ity 5 about the relationship between equations of the form

ax + by = c and straight lines.
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8. a) Find an equation of the straight line through the points

(1, 2) and (3, 2). For what value of y is (5, y) on the

line?

-s
b) Find an equation of the straight line through the points

(1, 2) and (3, -2). Draw the line.

c) Find an equation of the straight line through (1, 2) and

(1, 3). Draw the line.
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ACTIV/TY 15

APPLICATIONS OF TRIANGLE LEARNINGS

FOCUS:

In this section you have been studying triangles. You have seen that

they do occur in your life. You have analyzed various aspects of

triangles. You have applied your triangle learnings to the analysis

of straight lines. In this actiOty you will investigate further

applications of your analysis of triangles.

DIRECTIONS:

Solve each of the following problems. With each solution indicate

what previous learnings you have applied.

1. How would you "stabilize" each of the following shapes with the

smallest possible number of straight lines?

a)

c)

b)

73

2. Little White Dove saw her lover across the raging river. Lest

she drown in her attempt to swim the torrent, she wanted to

determine how wide the river was. She was armed solely with a

compass (with which she could measure distances on her side of



the river), and a knowledge about theorems involving equal ra-

tios and similar triangles. Can you devise a strategy whereby

she could measure the width of the river?

slots
%AO

3. A carpenter might keep a rope handy which has knots as follows:

3 feet 4 feet 5 feet

How could such a rope be useful in making "square" corners

(i.e., ones with a right angle)?

4. A man who lives in snow country wants to build a house with a

pitched (i.e., triangular, like an inverted V) roof so that the

snow won't build up on It. He also wants the roof to be sup-

ported with some very lovely oak beams which are available

locally in lengths up to 20 feet. Discuss what he must consider

in deciding how wide his house can be.

house width

74
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5. In 1960 the enrollment of a certain college was 10,000. In

1970 it was 13,561. What will the enrollment be in 1976 it the

growth is linear?

20,000

15,000

10,000

5,000

( 3,561)1976
1970

1960 1970 1976 19

Ap7pute thiS exaCtly using what you have learned ahout

of lines. Predictions like this based on past data are

,alled e.xtrappla,ttons.

'ilifTh e.A. that you are building a wall shelf which is 4 !-1 cul deep,

ind suppose that your supports are 63 (m long. HOW far down

!fa, wall from the shelf will the supports be attathedt

4
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7. (Appose that you are stabilizing a TV antenna by placing three

9u.Y wires on it. You have been advised that the wires should be

attached to the antenna 3 meters up the pole and they should be

attached to your (horizontal) roof 2 meters from the base of the

poip. Allowing 10 cm for pach tie In the wire, exactly how much

wire should you p?rchasp?
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Section 111

CIRCLES

'',ircles are taround you everywhere: In fact, rin Seem!, tO have an

eternal gedif.ation to reinventing the wheel: Levity aside, C1rc1eS

are irportant shapeS and have sore very interesting properties to

analyze

Attlyity If; engages you in Observing tPe oft,orremrs, kith PhY°

sial an4 Jweptoal, Of cirtles in yGur life. Activities 17 through

4n41.//n or4les 4n1 their relationships with point, 1ineS, Carte-

sian Gobrdiltes, ett). In AOivity a VOu will have a omw-e to m§ke

t.w.ereAt af,iti I app1,1!4!ton of wrmt yOo have lelinel at,Oof tieele5,

Atiqiff J I seVarate, in ttOt it Pik% V'HI fO %olrlel/e yr

egionfie'vs with 'Ttivns I, II, and 1 y analv:icl,

1P,P01,11Juj vIveritop% tf4r.

ui! fpcuc. 1lUvicflf Or ,if,Aro; iCMOV !UP t4"11.4

ofigto; tt,lt fH11,0 "'"1°-°

pifov! qt. le it, pt I Iir it

wn4! bel-n *FP ;Of fnl" st *

1 :1C1 Ft,144

I 1!,4f,".Plif. !thr! , ti;



ACTIVITY 16

CIRCLES: THEIR ROLE IN THE WORLD

0

With straight tines and with triangles, you have gone through a

three-Step analysis:

1. ioA have observed the & ccurrpnce and irportan(e of the shape in

the wOrK

Yo4 hlyit anillved varieur; properties of the shave.

YIY1 tlye itderel Waye . in which the knOwledcw you have gained

lhfrit the shape in steps I ded .! Could tT'appped.

1n this dtti41ty lod the nett few, '14001 will Pe followInl the s.re

fr r1 i71.o,t, 10 ort011ar, thito tiCtivity fOt u,r.e,. on thp rlef

icy,. iv wUii,to iv% enter iv4r Ii

!Pit 5evettll w.,,,iirrOn,,,P64 of titAlith

jht wiet !H keep wvatate of th'e4, ihdt Jotut ie ellIte

otzw40 telt CirP

!rtlft v#,/ 1 klue..illo"

k-1/'i tb4

*

t " 0 r e,tik 11 Hu fel r'

1'44'1

tfl.t, .,'"! ,.1414.-1 ,H1r. CPC, Pf, ft = 1-1(°,.

Ivscr, 9CV qC r, ri toi."10

!it t

'Ot ft!lf IV! 1414



b) Puddles of water tend to be round.

c) Most dinner plates are round. ,

d) Car wheels are circular.

p) hanlmade bowls are usually round.

fl Ila:sketballs have circular cross sections.

g) ',0o do pumpkins.

h) A Master Charge card has intersecting circles on it.

fa,h shape has certain structural attributes. We have included

Wow a lifit of attributes. OiscUSS the way in which each at-

tritiote applies to circles (or' doe: not apply). Compare and

,ontrast with other shapes.

ha,, F,rners or vertices

t,,p, 1 'Nalane" point

ha,, 1 rid141 wmery

has constant width

tessellates

if!. clny olittprent wir, as yoo t.an think of to draw or make

ota. 11,ifitrr

vv4 hive hvarl of 'hiq wheels- anl of -stoial 0.irriet.- Cdn

ft-104 f o'r C1 ik,h6s or sayings that hlwr referente to

lilt or tuirl shapeV What prcpertie§ of the shape have

thtlp 44/Inw
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ACTIVITY 17

CIRCLES AND POINYJ

FOCUS:

As a part of the analysis of the properties of circles, you will in-

vestigate the relationship between circles and points.

MATERIALS;

Rulero corpasc), and straightedge.

DIPEC,ICW

1, Mari a point on a piece of paper.

a) wag rAny different circles can have that point as center?

lirdw I Ouple Of then,

tA) tON rany different circles Oh pass through (contain) the

wont' Draw a couple of them.

Ntiv cArk twl points en d piece of paper.

rAhy 0Arcle% Oh te drawn through both points? Craw

few ut tUrl= loave You less freedom than you did with one

1110 fdh yoi describe any property that is common to all

Hf ft-zo utft1p% ttrojit ttp two points?

N)5firci tot to WA U renter of any cirOe whith passes

tnth V.i4th

mter vlinft;? Puf Met+ pnint4 nn 1 g4Wp 0( pl=

Ltr t4141 fllny .01-0/4 kAn y81; Vat thrlb all throe Vtow

fur.

c1., ricl Arnfee 11(1 (Ar00 whith Vatt.es

fvto,Flin Mtect 1.)41nW

1 4,0, 1,!yj vActi-a9
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4. It is possible to use a straightedge and compass to construct a

circle through the points A, B, and C below. Try to devise a

technique for doing this.

A

S. Suppose that you were teaching a class and that you wanted the

children to stand in a particular circle. If you placed Sally

and Joe where you wanted them to stand and then asked the rest

of the class to form a circle which contained Sally and Joe,

fouId yOu be sure that the class could form the circle that you

wanted? fiplain.



ACTIVITY IH

CIRCLES AND LINES

FOCUS:

We have had a glimpse of the interaction between circles and points.

Now we will continue our analysis of circles by investigating the in-

teraction between circles and lines.

MATENIAL(,

Arai ihtedie, crimpass, and Protractor.

DIRIcTIONS

I. This v. a good exercise to sha.rpen your skills with straightedgc6

4cd-!ti-p1 ss construgtions.

41 (4nritruEA 4 circle and tonstruct a radius of the circle usinl

ywir strdightedde and corpass.

use too straightedie and ccrpass to onstrwt a WIWI to

the Or,le,

i,ave vu ever been accused Ot -doinl oft On a Wafer Or -fly-

off the hilfOle-/ If fiafdle Wtre spinnind yOu 400.1 very

tat and yol were tO fly of!, What wnuld rlItibr have tO

with 1 tIcient''

.4 , * j
. Ulf If@ ,41-7t,



b) Describe where the centers of all such circles would be.

4. A yo-yo on its string almost has the configuration of a circle

with a tangent. Can you think of others?

. One way that lines and circles interact is through angles in-

scrfbed in circles. There is a nice rule concerning such in-

scribed angles that you can develop here.

a) Use what you know about angles and triangles to convince a

classmate that the measure of angle 13 is one-half of the mea-

,:ure of angle A.

Pfio f7A-1,1 thinj 0: in (a), u5ing the fat,t that a (Heller

thtt 6ir,le Uiwtf; t44th anlle A aril dhlle O.

t:11,% nm m rTA ,jvcmtml lqip,

!Tv tAlf,f.ltPd (01hminl tA(0-1_ 1

4 0,, 1 t !(,) f r1t1 1111
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statement of the rule, and then draw several different examples

and use your protractor to convince yourself that the rule

holds.

b. YOu may nave been flirting with prpof once or twice in exercise

Disc,Jsr, the kind of verification that you did use in 5(a),

M. and (c). 5(c) surprises many people. Are you convinced?

Did experimentation help to convince you? Was it authoritt,

exppraen!,e, fill!4.5ity, or deducMpp which convinced you?



ACTIVITY 19

EQUATION OF A CIRCLE

FOCUS:

You found out in Activities 5 and 14 that for each equation of the

form ax + by , c, there is a straight line (its graph) and for each

straight line there is an equation of the form ax + by = c. In this

activity you will learn a similar relationship for circles.

MATERIALS:

fompa,.s and graph paper.

DISCWAION:

Yoo may want to refer back to Activity 4 where you.discovered how to

find the distance between pairs of points in terms of the coordinates

of those points.

OIRKTIONS,

tstsAfA

,V the tenter cif i 1rtI& t4 pefilo1e. Whit h of the

firthvt,t frwm (4114



2. a) Suppose that (1, 2) is at the center of a circle and (3, 3)

is on the circle. What is the radius of the circle?

b) In terms of the distance between (1. 2) and (x, y) write down

an equation that must be satisfied by any point (x, y) on the

circle.

c) Find the coordinates of two points on the circle other than

(3, 3).

3. If a circle has radius r and center (a, b), find an equation

which must be satisfied by any point (x, y) on the circle.

4. The graph of y X is the straight line shown passing diagonally

through the center of the circle below, and the graph of

86 9.1



x
2

+ y
2

= 1 is a circle with radius 1 and center (0, 0). Find

the coordinates of the points where the straight line and the

circle intersect.

5. Find the equation of the circle below which is tangent to the

x-axis at (1, 0) and which is tangent to the y-axis. (Check a

couple of points to see if you are right.)

c.

0)
x

6. Find the graph of the circle whose equation is

(x 1)2 (y 3)2

7. One way to build up geometric concepts is to start out with

points as the most simple objects, and to think of all other

geometric figures (lines, planes, circles, etc.) as consisting

of points.

a) Do you think it would make sense.to a young child (first- or

second-grader) to tell him or her that a circle is made up

of points? ely or why not?

b) Does it make sense to you? Relate your answer to this activ-

ity.
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ACTIVITY 20

AREA VS. PERIMETER

FOCuS:

ry

The Rerimetff of a shape (s the distance around it, i.e., the length

of its boundany. The area of a shape is a measure of its surface.

The ratio of the perimeter to the area is an indication of the effi-

cienu with which the boundary bounds the area. In this activity we

will analyze the very special position that circles occupy with re-

spect to perimeter/area ratio.

MATERIALS:

50 cm of string, graph paper.

DIRECTIONS:

1. Suppose that you had a large plot of land and had 50 meters of

1111fencing material and 20 fence posts. You desire to fence in a

plot of land for a garden. Your problem to determine what

shape you should make your plot in order for it to contOn, the

MPst

a) Make m (WW1. Give some thought to the way that other people

have solved the problem.

h) Model the problem with a 50-cm piece Of string and d 010c0 0(

graph paper. Try making shapes including ones like those on

pages 90 and 91. (You can lay the string on the graph paper.

in the desired shape, marking certain dots as fence pmts.)

till in the table on the following page as you go. YOu may want

to estimate the area of each shape by determining taw many

square centimeters in one square on the graph paper and then

tainting the number Of squares inside the shape.

OH
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Shape Perimeter 1 Area Perimeter/Area

. A

B

C

D 1

E .

F

G

H

c) Can you characterize the shapes that seemed to enclose the

greatest area for the given perimeter? That is, which shapes

give the smallest perimeter/area ratio? Write out a state-

ment of the rule that you have observed.

2. For a perimeter of 100, what exactly is the perimeter/area ratio

of a

a) circle?

b) square?

c) a rectangle whose length is twice its width?

3. Spheres play the same role with respect to the surface area/vol-

ume ratio as circles do with respect to the perimeter/area

r tio.

a) In the light of this fact, conjecture why a cat curls up into

a "ball" on a cold day.

b) List several real-world examples where the special role of

circles and spheres with respect to perimeter/area and

89 9



surface area/volume is employed; e.g., consider the circular

cross section of tin cans.

Shape A

Shape C

90

Shape B

4111 1111

98

Shape D

1



Shape E

Shape F

Shape H

91
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ACTIVITY 21

CIRCLES AROUND YOU
Occur.

Anly.

Appl .

FOCUS:

Circles have many fascinating properties.* You have briefly analyzed

a few of them. In this activity you will have a chance to apply some

of what you have learned about circles to a real problem.

DIRECTIONS:

Adventuresome architects have been experimenting with the shapes of

buildings. Some have even gone so far as to build circular homes.

Here you should:

1. Draw a floor plan for a circular home. Make its complexity suit

the time that you have.

2. Consider the implications of circular home design for

a) Building material costs and heating and cooling costs;

b) Construction problems (put yourself in the carpenter's shoes)

c) Aesthetics--what would and would not be possible in decorat-

ing?

d) Human usage--what would be the implications of roundness for

the lifestyle of the occupants?

e) Access and peripheral structures--what about driveways,

garages and the like?

1 (
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ACTIVITY 22

HOW TO TEACH GEOMETRY

FOCUS:

In this activity you will compare the approach of this unit to teach-

ing geometry with the approach of elementary mathematics texts. Then

you will plan for teaching a geometry topic to children.

MATERIALS:

Current elementary mathematics text series.

DISCUSSION:

For straight lines, for triangles, and for circlet each of the fol-

lowing steps was taken:

The occurrences and importance of the shape in the real world

were noted.

The shape was analyzed in order to establish certain properties.

The properties of the shape were applied to some real-world sit-

uations.

Various strategies were used to convince you of the validity of cer-

tain properties. They included:

authority,

experience,

plausibilit-y argument.

Deductive proof was all but omitted. Keep all of this in mind as you

do the following.

DIRECTIONS:

The tasks on the following page can be done in a class discussion,

III,

in small groups, or as an individual homework assignment.

93
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1. Select (possibly with the aid of your instructor) an elementary `

text series. Choose a geometric shape such as a triangle or a

circle, and trace the study of that shape through the series.

Compare the series approach to study of that shape with that of

this unit. In particular, did the text develop:

The occurrence and importance of the shape in the child's

real world?

The analysis of the shape?

The applications of the properties of the shape?

2. Outline a series of lessons on quadrilaterals that you might do

with children. Fashion your lessons after the approach used

for straight lines, triangles, and circles in this unit. Indi-

cate hoW you would convince the children of the truth of various

statements.

SitAk4.5

rt2,1

3. OPTIONAL: Onty ptane'4hape4 have beendeatt with in thi.4 unit.*

Vet the apptoaches and the point o6 view o6 thi4 unit ane equat-

ty appticabte to said shapes. Choose a said 4hape and outtine

a senies o6 te44on4 on that 4hape that you might do with chit-

dun. Fashion yout tes4on4 (Wen the apptoach in thi4 unit.

4. OPTIONAL: 16 you have done (2) oh (3) above, tky the 64:A4t two

o6 yout te44on4 on an appkopkiate smat gkoup o6 etementaky

sOlootchitdken.

*More attention is given to solid shapes in the Awareness Geometry

unit and the Measurement unit of the Mathematics-Methods Program.
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Section IV
VERIFICATION

Most teaching and, for that matter, most communication involve con-

vincing someone that something'is true. Many decisions that one

faces in life involve deciding what is true. The techniques that one

uses to convince others and the evidence that an individual will ac-

cept for truth vary widely from person to person and from situation

to situation. For example, contrast the methods of convincing used

111/1

in Sections I, II, and III of this unit with the proofs of high

school geometry. In this section you will study these questions of

verification with an eye toward choosing appropriate forms of verifi-

cation for teaching children.

In Activity 23 you will be asked to analyze the different ways

in which one comes to believe the truth of something. In Activity

24 you will analyze just what it takes to convince you of something.

The special role of proof in verification is the subject of Activity
\

25. And, finally, in Activity 26 you will analyze the implications

of all of this for teaching children.

MAJOR QUESTIONS

1. Outline an exaMple of verification of each of the following

kinds:

authority,

experience9

plausibility argument,

deduction.

95
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f

2. Give a complete discussion of the verification situation in

Activity 9. Be sure to make it clear that you understand the

point that was being made and the message of the activity for

pedagogy.

96
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ACTIVITY 23

1110HOW DO YOU KNOW IT'S TRUE?

FOCUS:

Did your teacher tell you? Did you hear it on the radio? Did you

actually see it? Or did you deduce it from other things that you

knew to be true? In this activity you will have some experiences

with different kinds of verification. You are doing this-as a step

toward analyzing appropriate verification for children and toward

understanding the role of proof in high school geometry.

MATERIALS:

Current elementary mathematics text series.

DISCUSSION:

As an illustration, consider the following ways of knowing that in-

III/0 creased
foreign oil prices have contributed greatly to inflation in

the U.S.

Way #1: Secretary of State Kissinger says it's true, and I be-

lieve hiw.

Analysis
of Way #1: In this case you are accepting the truth of this state-

ment on someone else's authority. For certain kinds of

knowledge, authority may be the only reasonable source

(e.g., the date when Columbus discovered America). It

is obvious, however, that your authority may be wrong--

either inadvertently or intentionally.

97



Way #2: I run a plastics company, and we purchase foreign oil.

Because of increased oil prices, we have had to raise

the prices of all of our products. My prices have

risen because of the price of oil, so oil must be be-

hind U.S. inflation.

Analysis
of Way #2: In this case You are generalizing from your own experi-

ence. Whether-or not experience is an appropriate

source of truth depends both on the kind of truth being

sought and on how representative the experience is.

For example, if your company were a small one and no

other cdmpany was having your experience, your general-

ization would not be appropriate.

Way #3: The government says that it's true. It's happening to

me. I know that the U.S. imports a lot of oil, and I

know that increased commodity prices usually lead to

increased prices in general. It just makes sense to me.

Analysis
of Way #3: In this case you are saying that the statement is con-

sistent with what you know. It seems reasonable or,

plausible. Most of us use this mode for deciding truth

in many different situations. It is still possible,

however, that you are overlooking something. It might

be that increased wages due to union demands had such a

widespread effect on the world economics that reducing

foreign oil prices would do little to abate inflation.

Way #4: High foreign oil prices lead to large trade deficits.

Large trade deficits lead to weakened currency. Weak-

ened currency leads to inflation. So high foreign oil

prices lead to inflation.

Analysis
of Way #4: This is a deductive argument in which you derive new

truths from accepted truths. It is not always possible

to get a matter sufficiently clarified and simplified

98
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to be able to subject it to deductive proof. But de-

duction is generally regarded as the highest form of

verification. One must beware, however. The truth of

a deduced conclusion depends on the truth of the state-

ments from which it was deduced. If, for example, a

large trade deficit would lead to a declaration of*war

instead of weakening the currency, the economy might

strengthen considerably. In such a case our deductive

argument would be valid, but it would be based on a

false assumption, so the argument would not lead us

to truth.

This example was intended to bring to your attention the fact that

-different Peoplein di'fferent circumstances may come to accept the

truth of different statements on the basis of:

authority

experience

plausibility

deduction.

It was also intended to illustrate the fact that doubt can be raised

11111 concerning truth that has been accepted on any basis.

DIRECTIONS:

1. a) List some things in your life that you 'accept on authority.

b) List some things in your life that you accept as true on the

basis of experience.

c) List some things in your life that you accept as true because

they seem plausible.

d) List some things in your life that you have come to accept on

the basis of a deductive argument.

2. Choose a current event, and analyze-,the ways in which individ-

uals might have come to "know" about it. (Watergate certainly

abounds with examples whei.e most forms of verification proved

unreliable.)



3. In the first three sections of this unit, efforts were made to

,convince you of the truth (i.e., to verify) various geometric

facts. Different techniques were used to verify these facts.

Look back and:

a) Find an instance whgre authority was evoked to verify.

b) Find an instance where experience was provided as a step in

verification.

c) Find an instance where a plausibility argument was intended

to be the basis of verification.

d) Was deduction used? Look carefully.

4. Go to an elementary mathematics textbook and find instances

where

a) authority

b) experience

c) plausiPtiity

d) deduction*

were used as techniques of verification. Your examples need not

come from geometry.

*You may not succeed in finding deduction. It depends on the text

series and on the grade level.

100
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ACTIV'TY 24

11111

WHAT WILL IT TAKE TO CONVINCE YOU?

FOCUS:

You have seen that there are differentWays in which one can verify

that sOmething is. true. Now you w1.11 bl4ef1y confront the issue of _

who will accept wKat kind of verification under what cfrcumstances.

This issue has direct relevance to planning instruction for children.

- DISCUSSION:

Sophistication seems .to be a. major variable in,determining what it

'btakes to conVince sdMeone of something. ..Two usual ing-redients of

sophistication are knowledge and experience. 'It seems that the more

knowledge and experience one has in an area, the more that person is

going to be aWare of alternatives and Subtleties yhich may have Some-

thing to do with the truth of something. Consider the following for

IDexamples.

f-

WOW car
salesman: This model gets the best mileage available--30 miles

per gallon.

First buyer: How do you know tha/?

Salesman: This factwas the result of an independent study.

101
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-ffirst buyer: Great. I'll take it.

Second buyer: I have a couple of additional questions.

At what speed, over what terraih,and at what temper-

atures were these results found?

What other cars were tested?

Who financed and who supervised the test?

Will you guarantee that the panticular car that I

buy will get that kind of mi'eage?

The'second buyer may be no smarter and no older than the first, but

he or she certainly has more information concerning the various

things that could affect a mileage rating. The last cfuestion asked

suggests that the second buyer may have learned from experience that

an individual,car may fail to,live up to even the valid claims for a

'line of cars.

DIRECTTONS:

1. Wite Out a scenario like'the' ohe above for some other circUm-
,

stance.

.2. Recount some."fact" which'you once-accepted easily in your own.
,

life and for which you required increasing verification as your

knowledge and experience related to

3. liet f(x) = x4 - 6x
3

11x
2

- 6x. 1 f(x) equal to 0 for all

x?

a) Try 0, 12, 3.,

b) On the basis of what you have done so far, do'you think that

some people might be convinced that the answer is "YeA"?

c) If someone knew that a fourth-degree polynomial has at most

foUr roots, what would his or her reaction to (a) tie?

4. Go back to Activity 9.- You.will recall that we tried to trick

youothere.

a) How did we try to convince you there? What was wrong?

102
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b) What is the message from that activity for choosing examples

to convince children?

c) Think up a false generalization that you could make believ-

able by presenting carefully chosen examples. It needn't

be in geometry, or even in mathematics for that matter.

103
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ACTIVITY 25

PROOF

FOCUS:

It may have occurred to you that the word "proof" has not come up in

either of the two previous activities. "Proof" is a name that is

given to formal deductive arguments_ based on stated assumptions or

axioms. Such proofs are a major part of most high school geometry

courses but are not common in most individuals' everyday lives. This

activity is desighed to give you a brief insight into the nature of

proof and the role of proof in mathematics.

FSCUSSION:

Way back in Activity 9 we may have lej you to make a false generaliza-

tion concerning right triangles based on your experience. We have

seen that both authority and plausibility can also lead one to false

conclusions. The following example will remind you that deduction

can also result in false conclusions.

Think about the following two statements: "If you are interest-

ed in this course, you will do well in it," and "Those who do well in

this course major in mathematics." From these two statements we con-

clude that, "If you are interested in this course, you will be a

mathematics major." Do you agree with the conclusion? If it is

false, is it because the logic is wrong? No. The logic is correct.

From statements of the form, "If As, then B," and "If B, then C," it

is legitimate to conclude, "If A, then C." What is wrong then?

Let's analyze the truth of the statements themselves. It is pretty

clearly false that every student who is interested in this course

will do well. A student could easily have a poor background, or

could have had some periods of illness, or encountered other circum-

stances that would preclude his doing well. The second statement is

false also. Very few students who take this course become mathematics

104
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majors. Certainly there are many students who do well in this course

III

but who do not become mathematics majors. So while our deduction was

valid, our conclusion was false since it had been derived from false

statements.

If deduction can lead to false conclusions just as other forms

of verification can, why is proof such a big deal? The answer is

that while deduction can lead to false conclusions, deduction will

not deduce false conclusions from true aumptions. The truth of

deduced conclusions depends on the truth of the statements from which

the conclusions are deduced. In high school geometry, for example,

the course starts with certain assumptions called axioms. Then de-

ductive arguments are used to derive conclusions, called theorems,

from the axioms. In this way one shows that the truth of the theorem

depends on the truth of the axioms.

Such formal deduction is a common activity of mathematicians.

In fact, Bertrand Russell once said, "A mathematician never knows

what he is talking about nor whether what he is saying is true."

11111

Russell's point was just the one that we have been trying to make.

Namely; deductive proofs do not establish the truth of a statement

(theorem) in the real world. They only establish that the truth of

the statement depends on the truth of certain assumptions (axioms).

You may still quite reasonably ask, "Why spend all of the time on

proofs that we do in high school geometry?" There is some disagree-

ment concerning the answer to that question. Here is one reasonable

answer.

The orOnization of a body of knowledge by deductively

deriving it from acknowledged assumptions is an import-

ant human mental activity. Just as writing poetry and

performing scientific experiments are important, so is

carefully building a system of statements by deduction.

Most people should have this experience.

You ask, "If the main objective is experience with a certain kind of

thought process, why should it happen in geometry?" That is a good

question. It could happen in algebra. It could happen in a course

on philosophy, since deductive reasoning has been an important tool

111/0

of philosophers. It happens that some 2000 years ago, Euclid

a
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organized geometry by deriving the, theorems which were known at that

time from a few very reasonable axioms. Eudlid's work has been re-

fined, and it provides one of the easiest examples of an interesting

axiom system to work with.

In order to gain brief experience with an axiom system different

from Euclid's, do the following.

DIRECTIONS:

Consider the following assumpti6ns about hedges and bushes.

Axiom 1: Every hedge is made up of bushes and has at least two

bushes in it.

Axiom 2: There are altogether at least three bushes.

Axiom 3: Each pair of bushes is part of one hedge and only one

hedge.

Axiom 4: If one has a hedge and one has a bush that is not in the

hedge, there is one and only one hedge which contains the

bush and does not touch the original hedge.

1. Using only the axioms, prove the following theorem.

Theorem 1. If there are two hedges, then there are three hedges.

2. Once you have proved Theorem 1, prove

Theorem 2. If there are three hedges, then there ara four

hedges.

3. Do Theorems 1 and 2 have anything to do with true facts about

bushes and hedges? Explain.
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ACTIVITY 26

VERIFICATiON FOR KIDS

FOCUS:

What do the last three activities have to say about teaching kids?

It would not be realistic to expect a clearcut answer concerning the

teaching of mathemati6s to children. You should, however, be gaining

some insights into appropriate kinds of verification to use in teach- .

ing children.

DIRECTIONS:

Address yourself to the following questions in a class discussion:

1. Authority Plausibility

Experience Deduction

are all approaches that can be used to convince someone of the

truth of something. Moreover, the kind of convincing that a

person requires in a situation depends on the knowledge and

sophistication that the person brings to the situation. Discuss

the kind of verification that you would use in each of the fol-

lowing situations:

a) To convince a third-grader that the diagonals of a parallelo-

gram bisect each other.

b) To convince a bright and skeptical eighth-grader of the va-

lidity of the Pythagorean Theorem.

c) To convince a second-grader that all four sides of every

square have equal length.

d) To convince a third-grader that the sum of the lengths of two

-Ades of each trAangle is greater than the length of the

third side. .

2. What do you think about the way high school geometry is taught?

Would proofs be better presented in a course on logic? Did you

IIIget anyihing out of high school geometry? What?

1071
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REQUIRED MATERIALS

ACTIVITY AUDIO-VISUAL AND OTHER RESOURCES MANIPULATIVE AIDS

Overview
Slide-tape: "Analysis of Shapes," cassette

recorder and projector. (Optional)

1

Juster, Norton. The Dot and the Line: A
A globe.Romance in Lower Mathematics. New York:

Random House, 1963. (Optional)

3
Current elementary school mathematics text-

book series.
Straightedge, compass.

4
Graph paper.

5
Current elementary school mathematics text

book series.

- Graph paper, straightedge.

7

Paper, ruler, scissors, contuction paper

strips, brads.
s

Straightedge, compass.

9

Graph paper, metric ruler, straightedge,

compass.

11
Paper, scissors, ruler, protractor.



ACTIVITY

12

13

14

17

18

9

AUDIO-VISUAL AND OTHER RESOURCES MANIPULATIVE AIDS

Metric ruler, protractor, straightedge,
compass, scissors, graph paper, tracing
paper.

Graph paper, protractor, ruler.

Graph paper, straightedge.

Compass, straightedge.

Straightedge, compass, protractor.

Compass, graph paper.

20 50 cm of string, graph paper.

22
An elementary school mathematics textbook
series.

23
An elementary school mathematics textbook
series.
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ANALYSIS OF SHAPES

INSTRUCTOR'S MANUAL

This unit, as do other units of the Mathematics-Methqds Program, in-

volves one as an adult learner in activities which have implications

for teaching children. One works with cdoncepts that children might

learn, with materials that children might use, and on activities that

might be modified for use with children. The objective is to provide

growth in understanding and enjoyment of geometry along with:in-

creased ability and desire to teach geometry to children.

The "Introduction to the Geometry Units of the Mathematics-

Methods Program" wh.i.ch appears on pages 1-4 of the student's unit ex-

plains the spirit of the series of four, geometry units and describes

11111

the allocation of topics to the units. It would be a good ides for

the instructor to become acquainted with the contents of this inro-

duction before deciding to use the unit.

THE CONTENT OF THE UNIT:

As is noted in the introduction, this unit studies straight lines,

triangles, and circles, by investigating important real-world occur-'

rences of them, analyzing them to determine their properties, and

then applying the fruits of the analyses to real-world problems. The

final section of the unit deals with problems of verification and
4

places in perspective the informal methods of elementary school ge-

ometry and the formal approaches of high school geometry. The allo-

cation of activities to these purposes may be summarized in the fol-

lowing table, whose columns correspond to the,unit's four sections,

whose rows define the approach to the topic, and whose entries are

activity numbers.

1
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1: Lines 2: Triangles 3: Circles 4: Yerification

Occurrences 1 7, 16

23,24,25
Analysis 2,3,4,5,14 8,9,11,12,13 17,18,19,20

Applications 6 10,14,15 21

Teaching Children Parts of most activities; all of 22 26,

TIMETABLE SUGGESTIONS:

The time spent on this unit will depend upon a number of factors, in-

cluding the mathematical background of the student's, the time avail-

able for the unit, and the relative emphasis to be given to mathemat-

ics content and to teaching methods. The chart below suggests three

alternatives for scheduling the work of the unit, each predicated on

a different set of values and priorities. We have characterized the

alternatives as: ,4

A. Mathematics & Methods, Leisurely--for an integrated content and

methods course in which there is time to deal with this unit in

some detail. About 27-33 single periods would be needed.

B. Mathematics & Methods, Rushed--for an integrated content and

methods course in which this unit has low priority or in which

time is at a premium. About 15-18 sinale periods would be

needed.

C. Mathematics Emphasis--for a course which is concerned mainly

with mathematics content for prospective teachers. About 12-15 -

periods\ould be needed.

.These are just three of many possible schedules; we hope they will be

helpful in deciding how to use the unit. The numbers in the table

below are estimap.es of the number of class periods needed for each

activity. The symbol "HW" indicates that all or part of the activity

could be done as homework. When "HW" precedes the number of periods,

advance preparation by students is suggested; when "HW" follows the

number of periods, homework to finish the activity is intended. "HW"

alone indicates that the entire activity could be done outside of

class.



- Alternative Timetables
A. Mathematics &
Methods,Leisurely

B. Mathematics &
Methods, Rushed

C. Mathematics
EmphasisSection Activity

1

1 .5 HW,.25 HW

2 .5-1 HW,.75 HW,.25

3 1 :5 HW,.75

4 1 .5 .5

5 HW31-2,HW HW1,HW HW,.5,HW

6 1 HW,.5 HW

2

7 HW,1 HW,.5 HW,.25

8 2 HW,1 HW,.75

9 2 1-2 1

10 2 HW,1 ,5,HW

11 1-2,HW 1,HW HW,.5

12 1-2,HW HW,1 _ HW,.5

13 1-2,HW HW,1 HW,.5,

14 1-2,HW 1,HW 1,HW

15 HW,1 HW,1 HW,1

3

16 HW,.5 HW HW

17 .5 HW,.5 HW,.25

18 1-2 HW,.5-1 HW,.75

19 HW,1 HW,.5 HW,.5

20 1-2,HW 1,HW HW,1,HW

21 1 HW HW

22 1,HW .5,HW HW

4

23 HW,.5 HW HW,.5

24 HW,.5 HW,.5 HW,:5

25 1,HW omit 1,HW

26 HW,1 omit HW

Total Time
Requ'ired

27-33 15-18 12-15

3

1 27

9.



SECTION I

STRAIGHT LINES

INTRODUCTION:

This section is concerned with one of the most basic of geometric /

shapes, the straight line. Activity 1 deals with occurrences of

straight lines in the real world. Activities 2, 3, 4, and 5 analyze

straight lines-by studying intersections of straight lines, angles,

straightedge-and-compass construction, and coordinate geometry. Ac-

tivity 6 concludes the section by applying some of the analyses to

real-world problems.

MAJOR QUESTIONS (DISCUSSION):*

1. This question was chosen to test students' ability with ,

straightedge-and-compassconstruction. Students may be expected

to-perform this construction neatly and accurately.

2. This question tests the skill developed in Activity 4. quick

way of checking the students' graphs is to see whether (0,-4)

and (2,0) lie on the line.

3. An answer to this question is given in the answer to question 7,

Activity 1.

* The major questions which appear at the beginning of each section
attempt to capture the essence of the material which follows. As

such, they may be Seen as advance organizei-s. They may be put to

a variety of specific uses; for example, they may be 'assigned as

homework, or modified for use as examination items, or simply dis-

11111

cussed in class. In any case, their purpose is to provoke thought-
ful consideration of the major concepts of the section.

4
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ACTIVrTY 1

STRAIGHTNESS

MATERIALS PREPARATION:

Globe (more than one if possible); The Dot and the Line (book or,

movie) (optional)

COMMENTS AND SUGGESTED PROCEDURE:

Through the emphasis on Qccurrences, the students focus on real-world

instances of something considered only in the abstract when covered

in higher mathematics courses. -If students are unaware of the mean-

ing of "vector," they will lose a great part of the humor in the

moral of Juster's story. Question 7 only looks easy and the answer

must be carefully presented for the less visually oriented person.

This is not a trick questiom but certainly a thought-proyoking.one.

ANSWERS:

1. Some samples are lines of type for easier reading, classes'

lining up so that mischief makers are easy to spot, traffic

lanes to share the road without argument.

2. We really couldn't come up with one unless we went to mathemat-

ics. The purpose of this question is to put the college student

into the position of finding words to describe this concept

which,is so easy to visualize but so hard to define.

3. A straight line is (a) the shortest distance between two points

in a plane; (b) it is symmetrical; (c) two points define it;

(d) its length is unique. These properties are obviously useful

when measurin4. One example is measuring a board of unknown

length with a short piece of string whose length is known. uc-

5

129



cessive placement of the string along the board will result in

knowledge of its length.

5 Ideas could include asking them to walk a distance with and

without obstacles; having them walk a path with and without

their eyes opened; having them pull a string that has one end

tied; putting rubber bands on geoboards.

6. No deviations allowed!

7 In the shortest distance sense, only great circles are analogous

to straight lines. line parallel to a great circle is not a.

great circle but latitude "lines" never intersect.

ACTIVITY 2

STRAIGHT LINES AND THEIR INTERSECTIONS

MATERIALS PREPARATION:

Visuals for illustrating skew lines.

COMMENTS AND PROCEDURE:

This can be 5 deceptive exercise. The questions may look trivial,

but they ask the student to conceptdalize spatial relationships. In

question 2, we have assumed that only four angles (any two adjacent

angles supplementary) are formed when two lines intersect. (See Dia-

gram 1.) If one chooses to allow more angles, e.g., those shown in

Diagram 2, some responses will be different.

Diagram 1 Diagram 2

6 130
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ANSWERS:

1. a) Parallel, intersecting, coincident, skew.

11111
b)

1

c) An infinite number; if parallel, one; if intersecting, one;

if skew, none; if coincident, an inf'pgIg_number.

d) Parallel, intersecting, coincident.

e) The non-empty intersection of two distinct lines in a plane.

Yes. An infinite number of lines pass through one point.

Only one line passes through two pointh Either one or no

single line could pass through three points.

2. No, yes, yes, yes.

3

350 and = 145°.

b) <,.;t A = <:C = 9ZE . <51.G = 122°

It is useful here to remember that the transversal of parallel

lines makes congruent angles of alternate interior angles; that

vertical angles are equal; and that interior angles on the same

side of the transversal are supplementary.

4. Consider two pencils as representing line segments. Now we have

parallel cases: 11.-,, 111.f1
1111-.-.-11

7
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intersecting cases:

coincident cases:

S

Consider a room for skew lines. The "segment" made by the in-

tersection of the ceiling and a wall, and the "segment" made by

an adjacent wall intersecting-a floor are skew.

5. ar When a child lies down, the distance from his headto his

feet is a length. Length is how long something is, or how

, far away something is.

b) A first-approxim'ation length of the curve AB could be the

total length of API, P1P2, and P2B.

A better approximation can be obtained by choosing more in-

termediate points.,

8132



11111 Students may wonder why they are asked to repeat constructions of

high school geometry until they answer question 6. Because the ele-

mentary series are didactic in their constructions, the assignment

to examine them comes at the end of the activity so that students

would experimen't. Question 6 is very importint; students should re-
..,.

alize that elementary school children are now being given geometrical

experiences that were previously confined to high school.

The answers given below show steps that can be used in carrying

out the constructions. For stuClents who are having difficulty with
,

the constructions, a series of overlays for the overhead projector,

one step to each laye'r, may be helpful.

The successive approximations with more and more intermedi-

ate points give total lengths which come closer and closer

to a number which can be thought of as the "true" length.

c) There are many different ways that this can be done, and

the point of the question is to encourage thought about the

alternatives. Most methods involve either making a model

of one segment and comparing it with the other, or using an

instrument such as a ruler to measure both.

ACTIVITY 3

STRAIGHTEDGE-AND-COMPASS CONSTRUCTION

MATERIALS PREPARATION:

One straightedge and compass per student; copies of a current elemen-,

tary Mathematics text series.

COMMENTS'AND SUGGESTED PROCEDURE:
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ANSWERS:

1.

2.

lb

1

3. _OPTIONAL: Th-iis conztuictLon 014,6 6icp.tt to 4how ,by dthgnam,

but it i)s done. by .n.e.pnoducing each 4ide. anci:CingZe. in tuit.n.

4.

1

10

1 3 4

2



5.

1

4 5 6

6. The answer to this question will depend upon the text series

chosen. Some students may be surprised to find that the con-

structions they did inpigh school 'are now being done in the

C-
elementary school.

ACTIVITY 4

POINTS AND NUMBER PAIRS"

MATERIALS PREPARATION:

*Graph paper, straightedge and compass.

COMMENTS AND SUGGESTED PROCEDURES:

Activity 4 and Activity 5 give a brief exposure to the Cartesian co-

ordinates and the powe^ful contribution they make to geometry. In

III/

11
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this activity, no reference is made to experiences children have in

elementary school. Development of the coordinate system there is

often done through the topic of graphs. Question 1 requires the

plotting of -WE Students may wish to construct the length /2- by

taking the length of the hypotenuse of an isosceles right triangle or

they may estimate it as r.4. Question 4 is a game situation to add

personal involvement to the coordinate system.

A

ANSWERS:

1. (2,2)

3-,1) .

offim.

(- .

2. A(0,0) B(2,0) C(-2,-2) D(-1,11) or D(-14)

3. a) b) I c) IV

5. The analogy is that two references uniqbely determine a location.

There is only one theatre seat (17,W) and only one house (719,

Cottage Street) or one city located at (37°N, 70°W).

ACTIVITY 5

EQUATIONS AND LINES

MATERIALS PREPARATION:

Graph paper, straightedge, elementary text series.

/3612



COMMENTS AND SUGGESTED PROCEDURE:
4

This activity might be called a snapshot of-analytic geometry. Op-

portunities for di4erent students to explain how the; got their:an-

,

swers should, be provided. In particular, question 5 should be thor-

oughly discus.sed. Question i will be an eye opener if thf:649Y-4-Ginn

and 1974-Fields K-6 mathematics texts are among those surveyed.

b) Yes

2x + y =

(,0) .

(2,-3)

.17 23
(

13

137.



4. 2x + y = 2 b = 1 c = 1

x y a = b = -1 c = 0

2x + 3y = 4 a = 2 b = 3 c = 4

5. The equation is x + y = +I.

6.

r

\\/MATERIALS PREPARATION.,

None

AC11V-ITY 6

PLAYING IT STRAIGHT
sto

14
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. COMMENTS AND SUGGESTED PROCEDURE:

IDThi's activity seeks to clarify Concepts of preceding activities by .

having the students apply their knowledge in new situations. Dis-

cussion of all answers is strongly encouraged. We provide one pos-

sible way for question 6. b

ANSWERS:

1. Only two are needed to fix its position, because-two points de-
, .

termine a unique line. Other nails may be added for greater ad-
.

hesion.

2. Landspping could be done after a period of 'time Oen the paths

are ?ormed bythe traffic patterns. Paths are likely to be _

straight lines between important points such as entrances to

buildings, gates, etc. .

3. No, because 1100 + 1100 + 450 + 450 360°.

4. There is no unique'shortest path. Any path from A to B which

goes only to the right and down will be a "shortest path."

5.

_

There are several ways. to tlickle the problem. One set of strat

egies involves making templates of various kinds to compare the

drawing with the building. Another approach would be to read

off from the blueprint a "distance out" from the vertex and a

corresponding "dtstance across" the corner at that distance.

One can use ropelmotted at jntervals of 3, 4, and 5 units to

make a,"rope stretchers triangle" containing'a right angle.

Aupther useful 6ct is that when the sides have the.correct

lengths and the diagonals ire equal, the quadrilateral will be

-

a rectangle.



SECTION II

TRIANGLES

INTRODUCTION:

This section contains nine activities related to triangles and their

properties. Activity 7 deals with occurrences of triangles in the

real world. Activities 8, 9, 11, 12, 13 analyie the angles and sides

of triangles and the relations between triangles. Activity 10 ap-

plies the Pythagorean Theorem to the problem of finding lengths in

coordinate geometry; Aciivity 14 uses properties of similar triangles

to solve the problem of finding an equation for a line passing

through two given points. Activity 15 concludes the section with

other applications of,the facts and principles concerning triangles

that students have studied.

MAJOR QUESTIONS (DISCUSSION):

1. Protractors.are not to be useid to answer this question. Either

a formula or a triangulation may be used to conclude that the

sum is 540°.

2. (1 cm, 3 cm, 1.cm) and (1 cm, 2 cm, 3 cm) do not form triangles.

{6 cm, 10 cm, 8 an} and {5'cm, 3 cm, 4 cm} make similar tri-

angles; as do (4 cm, 4 cm, 5 cm} and (2 cm, 2 cm, 2.5 cm}.

. a) Many examples of triangles being used for stability may be

found.

b) The stability of the triangle is a consequence of the fact

that three sides determfne a unique triangle (SSS).

140
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ACTIVITY 7

THE IMPORTANCE OF TRIANGLES

MATERIALS PREPARATION:

Rulers, one per student or pair of students; stitips of construction

paper or light cardboard approximately 2 cm x 20 cm, about ten per

student; brads (brass paper fasteners), about 20 per student; scis-

sors; scratch paper, about five to ten sheets per student.

COMMENTS AND SUGGESTED PROCEDURE:

This activity has two main parts which cover three important facts

about triangles. In the first part, tritngulation is used to intro-

11111

duce a method for finding a relationship between the number o'f sides

of a polygon and the sum of its interior angles and to introduce the

idea of the stability of the triangle and of triangulated shapes.
,

The second part is concerned with tessellation of triangles and other

figures.
,

The amountof time an instructor spends on this work will depend

upon his class' previous exposure to,these ideas, through, for exam-

ple, Activity 2 of the Awareness Geometry unit. For classes which

have not done this kind of work before, the activity could be done tn

class with discussion o its three main ideas. For classes which

have encountered this k nd of work before, this activitycould be

done quickly in class or assigned as homework.



ANSWERS:

1. a)

NB These are examples of correct solutions, not the only

correct solutions.

b) FigUres with curved sides (e.g., circles, ellipses cannot be

triangulated).

c)

d) OPTIONAL

3 4idez
1 ttiange
180°

Fotmu4: 4uni o6
Aide-6

4 4ida
2 txiangZez
360°

5 Aida
3 ttiange4
540°

mecouna o6 intetiot angu
2) _time's 1800

18
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e) Any polygon can be "quadrilaterated." The sum of the inte-

rior angles of any quadrilateral is 3600. These facts may

be used to find the sum of the interior angles of any poly-

gon, but there are complications, as the following example

shows.

Take the septagon (7 sides) at left

an? "quadrilaterate" as shown. The 4

quadrilaterals have 4 x 3600 = 1440°

as the sum of their interior angles.

However, angles a, b, c, and d whose

sum is 180° + 360° = 540° are counted

but are not interior angles of the

polygon. So the sum of the interior

angles of the polygon is 1440° - 540°

= 900°. This is the same as the an-

swer obtained by applying the formula

(n - 2) x 180 where n = 7.

2. b) Complete triangulation will ensure complete stabilization,

but partial triangulation may provide partial or total sta-

bilization as is shown in the two examples below.

partial triangulation

tomplete stabilization

partial triangulation

partial stabilization

c) Roof structures, bridges, bicycle frames, and guy-wires are

some obvious examples.

3. a) There are several different ways this can be done. For

example,

19
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IISMES11116,ES
b)

2

Any quadrilateral will

Convex Quadrilateral

tessellate.

12

2 1

Two examples are:

3

4

4

3 4

1

2

2

1

3

4

4

3

1

2

etc.

Concave Quadrilateral

20
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I.

c) A circle by itself will not tessellate. Ho ver, here are

two examples in which a circle together with anoth.er shape

make a tessellation.

Tesselation of

001)*00000000
and 4111 Tesselatton of and+

4. Most'examples of the use of triangles involve triangulation for

rigidity. See answer (2c). A three-dimensional example of a

triangle tessellation may be seen in the surface of a geodesic

dome. Also, chair caning may be done in such a way as to pro--

duce an approximation to a tessellation of triangles.

ACTIVITY 8

ANALYSIS OF TRIANGLES--SIDES

MATERIALS PREPARATION:

Straightedge and compass for each student.

COMMENTS AND SUGGESTED PROCEDURE:

This activity deals with the important relationship of the lengths of

the three sides of a triangle. The.four steps of this activity--ex-

perimentation, generalization, verification, and application--are

easily done and make a good example of one type of concept learning

common in elementary school mathematics. The Pedagogical Comment on

page 44 deserves discussion.

N
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ANSWERS:

1. Since this activity is about the sides of triangles, it is ex-

pected that students' constructions of triangles congruent to

the given triangles will be done by reproducing the respective

sides. Any combination of sides and angles which determines a

triangle may be used.

2. a) 3 cm, 3.5 cm, 4.5 cm works; 2 cm, 3 cm, 6 cm does not.

b) The combination which does not work has one side longer than

the sum of the other two; this is not true of the combina-

tion that does work.

3. a) The sum of any two sides must be greater than the third

side. Or, equivalently, no side may be longer than or equal

to the sum of the other two.

4. 6 cm, 2 cm, 3 cm -- no

3 cm, 4 cm, 5 cm -- yes

3 cm, 4 cm, 7 cm -- no (a straight line segment)

8 cm, 4 cm, 6 cm -- yes

ACTIVITY 9

ANALYSIS OF RIGHT TRIANGLES

MATERIALS PREPARATION:

Graph paper, one sheet per student; metric ruler, straightedge, com-

pass, one per student.

COMMENTS AND SUGGESTED PROCEDURE:

This activity is concerned with the Pythaprean relationship. In

addition to inferring the rule and using it to predict when a tri-

angle will be a right triangle and to find the lengths of sides of

right triangles, students also experience a very common pitfall in

teaching--that of generalizing from a special case.

22
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In order to make the point emphatically that examples must be

III chosen carefully so as not to b'e only -special cases, the questions in
/

the-book should be followed closely. The discussion (see pp. 48-49)

of this point deserves special attention.

The issue of accuracy and approximation may be raised in this

activity especially in.questions 2 and 7. When the problems don't

work out exactly, most students tend to suspect their ability to

measure precisely enough rather than question the truth of the theo-

rem.

ANSWERS:

1. a a
2

b b
2

a
2
+b

2
c
2

A 3 9 4 16 25 5 25

B 1.5 2.25 2.0 4.0 '' 6.25 2.5 6.25

C 6 36 8 64 100 10 100

These measurements do support the*Pythagorean Theorem.

2. a) The square of the length of the hypotenuse is equal to the

sum of the squares of the lengths of the other two sides.

b) The rule does apply to the examples in question 1.

c) The triangle has sides 3.2 cm, 2.0 cm, 2.5 cm.

(2.0)2 (2.5)2 (3.2)2

(4.00) + (6.25) ? (10.24)

10.25 =7 10.24 ("close enough is good enough")

3. a) The triangle constructed from these sides is a right tri-

angle.

b) The given sides measure 3 cm, 4 cm, 5 cm, and 3
2
+ 4

2

4. This statement is not true, but it is believable on the basis

of the examples which precede it.

a) Yes, all the examples have been chosen so that their sides

are multiples of 3, 4, and 5.
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b) Th6 cases above support the hypothesis that having sides in

the ratio of 3:4:5 is a sufficient condition for a right

triangle, but more cases need to be studied to find out

whether all right triangles have sides in that ratiql.,

c) Using graph paper it is easy to show that a right triangle

may have its two perpendicular sides in any ratio. The tri-

angles are drawn with their two perpendicular sides along

the lines of the grid.

5. The changes required in questions 1, 2, and 3 would involve in-

cluding triangles, sets of sides, and sets of measurements in

ratios other than 3:4:5. The strategy is good; only the exam-

ples need changing.

6. a) t1.8, 2.4, 3} makes a right triangle.

{a, b, (a
2
+ b

2
)} where a > 0, b > 0 does not, in general,

/Y
make a right triangle. However, the triple (-f, 2, 1) does

satisfy this relationship and does form a right triangle.

11, 2, 1} does not even make a triangle.

{5, 1, 2} does not even make a triangle.

{5, 12, 13} makes a right triangle.

b) One method of generating Pythagorean triples is based on the

fact that x
2

- y
2

= (x y)(x - y). Rewriting this as

x
2

. y
2 + (x + y)(x - y) and considering only cases where

x and y differ by one reduces the problem to x
2

= y
2

+

(x + y) which means that we must find two numbers that dif-

fer by one and whose sum is a perfect square. For example,

consider 25, a perfect square. Two nombers which differ by

one and sum to 25 are 12 and 13, so (ig, 12, 13) or

(5, 12, 13) is a Pythagorean triple.

7. There are several ways of cutting and fitting the smaller

squares into the larger one, but all of them involve measurement

errors in the neighborhood of +1 mm. One solution is

24
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c
2

I In III

b
2

II II

IV

III

2
a,

8. a) This diagram demonstrates a special case of the 3, 4, 5

right triangle, showing the triangle and the squares on'the

sides and hypotenuse.

b) This approach has the advantage qf being very clear, but it

can only be used with right triangles all of whose sides are

a whole number of units long. Whenever the lengths of the

sides are not all whole numbers, there will be problems of

estimation and accuracy (c.f., question 7.).

9. OPTIONAL: Thia queztion -Az a pteliminaty and condenised vetoion

o6 Sect:Lon 4. (q.v.) The dizcuzzion might include Authoxity,

Expenience PLauzibieity, and Deduction az methodz o6 convincing.

TEACHER TEASER, page 50

1. There are many Pythagorean iriples; here are several which are

relatively prime:

(3,4,5) (5,12,13) (7,24,25) (8,15,17) (9,40,41)

Other triples may be formed by multiplying each component of

these triples by the same number.

2. The "first" five Pythagorean triples generated by this rule are

(3,4,5) (5,12,13) (7,24,25) (9,40,41) (11,60,61)

3. To show that when a
2 = b + (b + 1) that (a,b, (b + 1)) is a

Pythagorean triple we need to show that a
2
+ b

2
= (b + 1)

2
.

Substituting a2 = b + (b + 1) we have b + (b + 1) + b2 =

(b + 1)2 which is the identity (b +61)2 = b2 + 2b + 1.
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ACTIVITY 10

AN APPLICATION OF

THE PYTHAGOREAN THEOREM TO LENGTH AND COORDINATES

MATERIALS PREPARATION:

None;

COMMENTS AND SUGGESTED PROCEDURE:

This 'aCtivity extends the work done with the Pythagorean Theorem and

applies it to the problem of finding the distance between two points

in the Cartesian coordinate plane. The six questions are designed

to evoke all the sieps of the derivation of the distance formula.

They are straightforward and clear or could.be used as class dis-

cussion, small group work, and individual assignment.

ANSWERS:

1. 'a) 7 miles

b) 45 miles

c) (x m) miles

d) 7 45
1-1
II II II IIII
0 10 20 30 40 50 60 70 80 90 100 110

e) 3.09

f) lx al or la - xl or ir(x - a)2 or /(a - x)1 or words to

this effect.

2. a) 4 blocks, no matter which direct route you take.

b) 3 blocks

c) la - xl + lb yl or lx - al + ly - bl or equivalent

3 5 units

4. (-1,2) to (2,2) 3

(-1,-1) to (1,1) = 2/2- 2.8

26
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(2,3) to' (2,-2) . 5 \

(-24) to (3,2) /27.25 5.2

(/2-,2/2) to (2/2-0/2-) 2

(-1;3) to (1,-2) /-ag- 5.4

5. ./(x a)2 (y b)2 or 4-: x)2 (b -'y)2 . or equivalent

6. This kind of presentation not only -shows how the rule is de-

rived, it also forces the learner to search for appropriate rea-

sons for each sub-step. Alsso, knowing why the rule is true may

make it easier to reca'll the details of the formula, for example

to remember that it is.the square root of the sum of the

squares.

ACTIVIfY 11

ANALYSIS OF TRIANGLtS-7ANGLES

MATERIALS PREPARATION:

Scissors, ruler, protractor, plain paper for each student.

COMMENTS AND SUGGESTED PROCEDURE:

This activity'deals with the fact that the sum of tile emasures of

the interior angles of a triangle, in a:plane is 1800. The activity

could be done qujckly in class or assigned as homework if the inten-

tion were only to teach this well-known fact, but the activity also,

deals with methods of verification in general and particular methods

suitable for teaching this topic in the elementary school.

ANSWERS:

I. b) Numbers filled into the table will depend upon the triangles

cut out. All entries in the "sum of the measures of the

angles" Column shouldte 1800 Out may :differ from this by

one or two degrees through measurement error.
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_c) When the sum of the measures of three.angles is 1800 (or a

straight angle or a half-turn) then those angles can form a

triangle..

2. This method of demonstrating the rule is common in elementary

school curricula.

3. OPTIONAL: Labet the 6igune az 6ot1owz:

So that a, b, c me the tit/Lee (intetiot) angez oá the tAiange

and x, y, z me the thtee angez th-tiough which one mu6t tuAn in

ttaveAzing the ttiange. Now x - 180 b, y - 180 c,

z = 180 a, and x + y + z = 360°, zo 360° - (180 a) +

(180 b) + (1,871 c). Thiz Aedacez to 360 = 540 (a + b + c)

4.

Oh a + b + c

a) 10 62°

450 450

600 600.

300 . 30&'

29915'

45° 45°

90° 30°

18°18'

180°.

117°

4t°

600

120°

37040

90°

yes

no

.yes

yes

113°5' yes

100° (or any two whose sum is 161°42')_

60°

61042'
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-5. This can be proved deductively by

Statement Reason

1. A + B + C 180' 1. interior angles of
a triangle

2. exterior angle and
interior angle are
supplementary

3. A + B = E 3, subtract 2 from 1

2. C + E = 180

6. A lesson on this topic for fifth graders would probably be cen-

tered on the activity of tearing'of the angles and "summing"

them as in question 2, p. 57. Among the ideas a child should

have before starting.this lesson are what an angle is, how angle-

sizes are compared, and why the lengths of the arms do not af-

fect the size of the.angle.

7. a) The activities done for questions 1, 2, and 3 were not

proofs; 1 and 2 were generalizations from specific in-

stances; 3 was'a plau*ettLargument.

b) The answer given in 5 above does constitute a proof.

c) Most students probably believe this fact on the basis of

authority or generalization from experience; plausibility

arguments and proofs are probably just "icing on the cake."

d) This question could be argued either way. A mathematician

would probably demand a proof and be.easily convinced by a

correct one. A child could probably be convinced by gener-

alization from experience or a statement by an authority.

8. OPTIONAL: On a ohene the hUM oi the memwteis o6 the -intekiot

angez 06 a tAiangte wilt. be between 180° and 540°.
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ACTIVITY 12

ANALYSIS OF TRIANGLES, SAS, ASA, ETC.

MATERIALS PREPARATION:

Each student should be supplied with a metric ruler, a protractor, a

straightedge, a pair of scissors, some graph paper and some trking

paper. None of these items, is required, but they all should be

available at the students' choice.

COMMENTS AND SUGGESTED PROCEDURE:

In this activity students do some experiments to find out which com-

binations of sides and angles determine a triangle. The word "deter-

mine" is being used here in a restricted sense to mean that no other

trianble not congruent to the given triangle can be constructed from

the sides and angles given.

Although the facts to be learned are feW and simple, there is

much to be gained from actually going through the experiments care-

fully and discussing the findings.

ANSWERS:

1. a) (ii) determines a unique triangle

b) (iii) two non-congruent triangles possible

c) (ii) determines a unique triangle

d) (iii) two non-congruent triangles are possible

e) (iii) an infinite number of similar but non-congruent tri-

angles is possible

f) (i) no triangle is possible.

2. a) determines a unique triangle

b) does not determine a unique triangle

c) determines a unique triangle

d) does not determine a ,unique triangle

30
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e) describes an infinite set of similar triangles

f) determines a unique triangle.

3. a) 5 cm, 530, 470

b) 1100, 3.5 cm, 2.7 cm

4. Through discussion the student should come to understand that

the fact that the triangle is rigid is equivalent to the fact

that SSS determines a triangle.

5. a) OPTINAL: No, two t1iangte4 which have the Aame angteo wit!.

have the same shape.

b) OPTIONAL: Mute ate sevetat conditions which deteAmine a

quad/Litatenat, inctuding (a) 4 side4 and one 4pec4ied diag-

onat; (6) 3 sideo and two included angtes; and (c) 4 side's

and one 4peed angte.

ACTIVITY 13

ANALYSIS OF SIMILARITY

MATERfALS PREPARATION:

Graph paper, ruler, and protractor for each student .

COMMENTS AND SUGGESTED PROCEDURE:

This activity begins with some examples of and a description of the

idea of similarity. The concept is explored in greater depth and two

rules are developed to desdribe conditions under which triangles are

similar. The work follows the pattern of experimentation and gener-

alization; discussion in groups or as a class is important in this

process.

ANSWERS:

1. c) yes, the two triangles are similar

d) the corresponding angles have equal measures
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2. he ratios of the lengths of corresponding sides are all 2:1.

IA'B'l - IA'C'i _ IB'C'I 2
i.e.,

IAB1

3. The ratios 1,:fd

IBC1

lorresponding sides will be equal to a

number that depends uponthe figures drawn.

4. a)

b)

no

yes

c) yes

d) yes

e) no

f) yes

g) the shapes are similar, but neither of them is a triangle.

5. a)
1 2

5-
inch I

T
inch

b) 450 450 900

6.
a

a'c = ac'
a' ar
c

7. For two quadrilaterals to be similar, it must be the case both

that the corresponding angles have the same measure and that the

corresponding sides have the same ratio. Examples to support

this statement can be found in Activity 12, pp. 60-63.

8. OPTIONAL:

a) tAue

6) liabse

c) 6atse

d) tkue
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MATERIALS PREPARATION:-

ACTIVITY 14

STRAIGHT LINES REVISITED

\\

Graph paper, three or four sheets per student;\straightedge

COMMENTS AND SUGGESTED PROCEDURE:

This activity which deals with the equations of straight line graphs

is one of the more difficult ones in the unit. Unlike most of the

other activities, it involves a fair amount of algebraic manipula-

tion. Although some students may, not feel comfortable with the alge-

bra, the idea of slope is built on both "up and out" and on ratios in

similar triangles, so that the computations are firmly rooted in the

student's experience. The way in which this activity is done will

depend a great deal upon the student's background and ability with

high school algebra and geometry.

410 ANSWERS:

1. a) 5

b) -54-) = -10%

ti-t) 750 kilometers

2. a) t = 1 = 100%,

_1

b)
4', -14.3%

1
3. a)

1
b)

c) 50

1
4. a) 2-

b) 1 -2-

50

33
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c) To get to (x,y) from (1,2) you must go up y - 2 and go out

x - 1; however, since the line is straight it is always

going up 1 and out 2, so
21

5. a) 32'-

b) 12' for all (x,y) on the line

0) going from (-1,-1) to (3,1) you go up 2 and out 4, so the
1

slope is f, going from (-1,-1) to (x,y) for (x,y) on the

line you go up (y - (-1)) and out (x (-1)) and the slope

1
is still

6. a) This explanation is best given in terms of the following

diagram:

The two triangles (-2,-1), (1,-1), (1,1) and (-2,-1),

(x,-1), (x,y) are similar, and their corresponding sides

have the same ratio.

b) In (4b) and (5b) other pairs of similar triangles are formed

by the grid lines and the straight line graph.

7. a) (3) x - 2y = 0 (4) x - 2y = -3 (5) x - 2y = 1

(6) 2x - 3y 1

b) Suppose you are given the points (a,b) and (c,d) and an ar-
d-b

bitrary pOint (x,y) which also lies on the line. is the
c-a

34
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slope of the line between (a,b) and (c,dj. P. is the

slope of the line between (a,b) and (x,y).
j

Since the line

is straight the Oopes are equal, so we pu

d-b
c-a x-a

andsolve

(x-a) (d-b) = (c-a) (y-b)

dx ad - bx + ab = - cb - ay + ab

x(d-b) - ad = y(c-a) - cb

(d-b)x + (a-c)y = ad - cb

c) 1. Any straight line graph is the graph of an equation

which may be written in the form ax + by = c.

2. Any equation in the form ax + by = c has a straight line

graph.

8. a) The equation of the line is y = 2. (5,y) is on the line

only for y = 2.

b) The equation of the line is 2x + y = 4.

c) The equation of the line is x = 1.

ACTIVITY 15

APPLICATIONS OF TRIANGLE LEARNINGS

MATERIALS PREPARATION:

None

COMMENTS AND SUGGESTED PROCEDURE:

This activity contains a variety of problems which can be solved

using the ideas about triangles which have been developed up to this

point. If time permits, the problems could be discussed in class and

additional ones of the same kind assigned. If time is limited, the

problems could be assigned as homework to be checked over in class.
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ANSWERS:

1. Most students will stabilize the figures by drawing diagonals to

triangulate them. One line is required in each of (a), (b),

and (d); two.in (c). Note, however, that some of the shapes can

be stabili'zed without being triangulated. For example, (a) may

111111
be stabilized by without being triangulated at all

4 and (b) m'ay be stabilized by

partially triangulAted.

even though it is only

2. There are several possible solutions to this problem; two are

.shown below.

(1)

R
2

R1

Running Bear standing at R1 across

the river from his lover at L walks

down the bank of the river (toward

R
2

) in a direction perpendicular to

the line R1L. He stops at R2 the

point at which the angle between R2R1

and R
2
L is 45°. Since the triangle

he has formed is an isosceles right

triangle, R2R1 is as long as R1L, so he measures R2R1 to find

out how far it is across the river.

(2) Running Bear at R1 is directly across

the river from his lover at L. He

Walks 20 paces down the bank of the

river to R
2
and uses his compass to

R'
2

measure the angles LR1R2 and 1R2R1.

Then he moves to another place and

constructs another triangle LRR in

20 R
which R'R is 2 paces long and angles

1 2

L'R'R' and PRIR' have the same mea-
1 2 2 1

sure, respectively, as LR
1
R
2

and LR
2
R
1.

Finally, he measures

the length of L'Ri. This distance multiplied by ten is the dis-

tance from L to R.

1 60
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3. He could use the rope to make a 3, 4, 5 right triangle and could

compare the angle bet4en the 3-unit and 4unit sides with the

corners he wants to teit for squareness. (This "is the Egyptian

rope stretchers; trianole.)

4 This is really a disciission question. Thinking about the prob-1

lem in terms of the combinations of length of sides polsible in)

a triangle tells us fhat the maximum width is 40', but in this

case the roof would,be flat. If the Cross section of the roof

were an equilateral triangle (roof angle 600 1 then the width

would be 20 feet.: If the cross section of the roof were an'

isosceles right triangle (roof angle 45°), the width would be

20VY feet or 28 feet, approximately.

5. One solution to the problem was similar triangles.

1960 10 yr.

16 years x

10 years 3,561

6.

3.561

10,000
1970 1960 16 yr.

10x . 16 x 3561

x 5697.6 ... 5700

So in 1976 there would. be 10,000 + 5,700 = 15,700 students.

(45)2 x2 (53)2

x
2
= (63)

2
- (45)

2

X2 = 3969 2025 = 1944

x = /17§-i4 = 44 cm
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7. Each guy wire will be x meters long where

x
2

3
2
+ 2

2
= 9 + 4

x = ifT z 3.6 meters

2

Allowing 20 cm for tying makes each wire 3.8 m so the total

length of wire required for 3 guys is 11.4 meters.

-16'2
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SECTION III

CIRCLES

INTRODUCTION:

This sectiod contains six activities dealing with circles. Activity

16 considerl physical and metaphorical circles in the real world.

Activities 17 through 20 analyze circles and their relatiorighips with .

points, lines, cartesian coordinates, and other figures. The work

with circleS concludes with Activity 21, an unusu:l application of

concepts of circles designed to provoke some creative thought by

students.

Activity 22 may be thought of as separate from the rest of the

III/1
section. It serves as a summary of Sections I, II, and.IIIby put-

ting the focus on geometry experiences for elementary school pupils.

MAJOR QUESTIONS (DISCUSSION):

1. Many different examples can be chosen as illustrations of t,he

"equal distances from.one point" property, the "rolling" prop-

erty, and the "constant width" property.

2. The circle whose equation is x
2
+ y

2 = 9 has radius 3 and center

at the origin (0,0). When we say that x
2

+ y
2
= 9 is the equa-

tion of the circle we mean that the circle is composed of points

such that the sum of the square of the x-coordinate and the

square of the y-coordinate is nine.

3. The construction of a cfrcle and a tangent to it should be neat

and accurate. The instructor should look for construction lines

and arcs which show that the tangent has been constructed as a

line perpendicular to the radius through the intersection of the

radius and the circle.
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ACTIVITY 16

CIRCLES: THEIR ROLE IN THE WORLD

MATERIALS PREPARATION:-

None

COMMtNTS AND SUGGESTED PROCEbURE:.,

, .

This activity should be given asian
)

outside assignment so the class

can concentrate on sharing their,insights. Occurrences of circles in

our lives are so numerous we are_often blj,pd to them. The students

are here given ample opportunity to look and see.

ANSWERS:

I. 'Here is a partial list.

Manmade--watch faces, coins, balls, globes, knob wheels, light

bulbs, rings, drinking glasses, movie reels, jar covers, buttons

Natural--oranges, grapefruits, radish seepis, sunflowers, tree

trunk, the planets, eyes, ripples on a pond, birds nests, rain"

drops

2. a) Everygne equidistant, no bne sees more than any other

b) Chemical bonds of water molecules; surface tension minimal

c) Traditional shape; can be picked up at any spot and always

fit

d) Smooth ride

e) No corners to catch food; maximum volume for minimal claY

f) They will bounce evenly no matter how they iMpact
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g) Maximum volume for minimal skin

11111
h) Aesthetics?

3. Lest anyone be caught napping by the obvious, "constant width"

is a property of the principal part of the Wankel engine which

is not circular. With respect to tessellation, a circle will

not tessellate alone but may with other appropriate pl'ane fig-

ures (c.f., Activity 7, question (3c).).

4. Circles may be approximated with varying degrees of satisfaction

by many methods including tracing, using a template, pencil and

string, eyedrop of liquid, pencil point, trial and error, and

compass.

5. a) People who go around in circles always return to the same

place. A round peg in a square hole is a misfit. A well-

rounded person is "equally knowledgeable" in many areas.

Circular reasoning goes nowhere.

b) Some others we conjured up are a squaTe deal, a "square"

(a "straight" person), and parallel construction of sen-

tences.

ACTIVITY 17

CIRCLES AND poINTs

MATERIALS PREPARATION:

Compass and straightedge per student, blackboard compass

COMMENTS AND SUGGESTED PROCEDURE:

This is another activity in which we suggest that the questions be

investigated initially as an out-of-class activity. The discussions

will be richer and more exciting.
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ANSWERS:

1. a) An infinite number. The ided r.r concentric circles under-

lies this question.

An infinite number. It is interesting th note that the cir- .

cles passing through the given point may be of any size (see

Figure 1) and may lie in any direction frqm the gilien point.

,(see Ffgure 2).

Figure 1 Figure 2

2. An infinit utintd. The constraint in this case is that the

centers of the circles must lie on the perpendicular bisec-

tbr of the line segment joining the two given points.

b) The center of any circle passing through two given points

will lie on the perpendicular bisector of line joining the W

two points. The center of any particular circle can be

found by choosing a third point on the circle, drawing a

chord (between the third point and one of the two given

points) and constructing the perpendicular bisector of the

chord. The perpendicular bisectors of the two chords inter-

sect at the cerIpr of the circle.

3. IS the three points are not collinear, one unique circle may

be drawn containing them. If the points are collinear no

circle contains them.

b) The three perpendicular bisectors of the three lines joining

the three.points should intersect at the center.

c) Through four points there may or may not be a circle. Since

three points,determine a circle, the constraint is that the'

fourth point must lie on the circle determined by the first

42
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three. Other (weaker) restrictions are that no three of the

given points may be collinear and that no point may lie

within the triangle formed by the other three.

4. This is an extension of questions (2h) and (3h) which may not be

obvious to the students. The center is formed at the intersec-

tion of the perpendicular bisectors of the three line segments

forming the three given 'points. The radius is the distance frcm

the center to any one of the given points.

5. 'This -is an apptaication of question (2a). No unique circle is

determined by-12 points; three are required (see Figure 3).

Figure 3

ACTIVITY 18

CIRCLES AND LINES

MATERIALS PREPARATIONT\f5"

One straightedge, compass, and protractor per student; blackboard

compass and protractor.

COMMENTS AND SUGGEST6 PROCEDURE:

For this activity, organization of the class into small groups is

recommended. 'With some thought, the first four questions should

prove to be'fairly easy for the students to solve. Question 5 is

much less likely to be solvedAithout reference to an appropriate

text. Discussion is always appropriate in these analytical situa-

tions and should be encouraged here.j ATinteresting and somewhat
,

unusual approach to Question 5 may be'found in Skemp, Richard R. The

IPPsychology of Learning Mathematics, Penguin Books, 1971.
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ANSWERS:

1. Sometimes students are unable to relate current problems to

Oast ones. The situation presented here appears to be novel

until one realizes that it is nothing more than the construction

of a perpendicular to a line at a given point. The line here is

A
the radius (which must be extended in the construction) and the

given point is the point of tangency. The steps of the con-

struction are shown below.

The motion would be in a straight line perpendicular to the

radius at the point where it left the circle, hence, on a tan-

gent. (See Figure 1.)

Figure 1
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3. a) The solutions would probably look like this.

b) In the first case the construction entails finding a line

parallel to the two given lines and midway between them. In

the second case the bisector of the angle is needed. The\

centers of the required circles lie on these lines.

4. Examples might include a wheel on a road, a bowling ball rolling

1110 5.

down an alley, or a plate being carried at arm's length.

a) B + B + C = 1800

b)

C + A = 1800

B +B+C=C+ A
B + B = A

2B = A

A = Al + A2 B = B
1

+ B
2

proved in part a2B
1
= A

1

2R
2

= A
2

proved in part a

2B
1
+ 2B

2
= A

1
+ A

2

2(B1 + B2) = Al + A2

2B = A

45



c)

Figure 2

It is helpful to add to the given

figure the (dashed) construction line 111/1

and to name the angles formed as

shown in Figure 2. Note that the two

angles labelled a are equal because

they are base angles of an isosceles

triangle whose equal sides are radii

of the circle. Similarly in another

isosceles triangle a + B = d. Now

A + a + y . 180 and y + d + B = 180

soA+a+y.y+d+BandA+a=d+ B. Substituting

a +Bfor d in this expression givesA+a.a+B+ B,

hence A = B + B or A = 2B.

6. The arguments given above are deductive. For many people the

plausibility of the conclusion stems from the plausibility of

the statements proved along the way to the final conclusion.

ACTIVITY 19

EQUATION OF A CIRCLE

MATERIALS PREPARATION:

Compass and.graph paper for each student, blackboard compass and Co-

ordinate transparency (optional).

COMMENTS AND SUGGESTED PROCEDURE:

This activity contains a careful development of the equation for a

circle from concepts which the students have been learning and using

in preceding activities. For this reason it would be possible (per-

haps as a change of pace) to conduct the lesson in class with prior

out-of-class preparation.

Question 7 is a discussion question, the answer to which will

depend upon students' background in mathematics, their experiences

with children, and their personal opinions. The comments about this
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question given below_do not comprise the only correct answer, but

are, rather, considerations that might be raised (by theOnstructor,

1110 if need be) in the discussion.

ANSWERS:

1. All points on a circle are equidistant from the center. Hence,

no person is nearer to (or farther from) Carol than any other.

2. a) As is'shown, the vertical distance is (3 - 2) or 1 and the

horizontal distance is (3 - 1) or 2. The direct-distance is

the hypotenuse of the right triangle (see diagram). This is

equal to 43 - 1)2 (3 _ 2)2 . /22 12 .

1

2

b) (x - 1)
2

+ (y 2)
2

= 5, or (1 - x)
2

+ (2 - y)2 = 5 , or

equivalent.

c) Some are (0,0) (0,4) (2,0) (3,1) (3,3)

(2,4) (-1,3) (-1,1)

(1 + /5-, 2) (1 - A-, 2) and so on.

Each can be shown algebraically to satisfy the equation.

a)2 b)2 r2,

equivalent.

or r = a)2 + (y - b)2, or



4. If x = y inte-rects x
2

+ y
2
= 1, then there exist coordinates

(a,b) such that A.,,7 b and a2 + b2 = 12. Hence

x
2
+ y

2
= 1

2

x
2

+ x
2

= 1
2

2x
2

= 1

2 1
x =

12- 12-
Thus the coordinates are ( 2 , T ) and

\
-2- -2- /

5. It can be ascertained that the center is at (1,1) and that the

radius is 1. The equation is (x - 1)
2

+ (y - 1)
2

= 1
2

.

6. The center is at (1,3) and the radius is 3. (1,0) (1,6) (4,3)

and (-2,3) are on this circle.

7. a) Maybe and maybe not. Sometimes children focus on the

smoothness of a line and deny that the line itself consists

of points even though they can show you points on the line.

On the other hand, older children who have heard about "360

in a circle" may think that there are exactly 360 points on

a circle and can Often be convinced that there could just as

well be 720 points or even an infinite number.

b)..' It is likely that many students will not have been intro-

duced explicitly to the pointwise model of space. However,

throughout the unit we have taken geometric figures to be

sets of points and in this activity we have used algebraic

expressions to describe general points and haVe assumed that

the figures consist of all points which have the property

that they satisfy the equations.
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ACTIVITY 20

AREA VS. PERIMETER

MATERIALS PREPARATION:

One 50 cm length of string and two or three sheets of graph paper for

each pair of students.

COMMENTS AND SUGGESTED PROCEDURE:

Organization of the class into groups of two students is recommended.

In question 1 the number of fence posts used is not crucial, but has

been chosen as a convenient number. Question 2 is algebraic, and may .

be difficult for students with weak-backgrounds in this area.

ANSWERS:

1. a) This answer is the student's guess of the answer before at-

tempting to work out a solution. Students can be asked to

compare this answer with the answer to (lc).

b) The entries in the table will depend upon the shapes stu-

dents make and measure. The entries in the area column

should all be less than 200, since the circle has the maxi-

mum area, approximately 199 cm2. The entries in the Perim-

eter/Area column should all be greater than 0.25, the value

in the case of the circle.

A = irr
2

A ' 795

P = 100 A = s
2

P = 4s A = 625

s = 25

2. a) P = 100

P = 2irr

r ' 15.9

c) P = 100

P = 2t + 2w

P = 6w

w 16.6

A = tw

A = 2w
2

A 556
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3. a) This is a move to conserve body heat. The least amount of

surface is exposed to the air.

We include rain drops, mercury when spilled, the human head,

cups and glasses. An inflated tire tends to assuffe a round

cross section.

ACTIVITY 21

CIRCLES AROUND YOU

MATERIALS PREPARATION:

None

COMMENTS AND SUGGESTED PROCEDURE:

Although our culture is generally "right-angled," there are peoples

who build round shapes to live in. An igloo is more rotind than

square, and some African tribes build round huts. This activity

should be enjoyable, since it provides students with an opPbrtunity

to be creative, and to show their aesthetic sense and their kactica

sense.

Question 1 requires an original, creative design from the stu

dent, so no answer can be given. However, we have provided some dis\

cussion guidelines for question 2.

This activity could be given as a homework exercise, in class

individually, or in small groups.

ANSWERS:

2. a) The costs for heating and cooling should be less. Ideally

there would be one continuous outside wall which would ex-

pose less area to be affected by weather. Building costs

could be greater, depending on any special equipment, mate-

rial, or expertise needed. There could be a lot of waste

since building materials are designed for use in rectangular

configurations.
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b) The basic shape in lumber is rectangular. One.problem the

carpenter would need to solve would be putting doors and

windows (plane regions) into a curved surface. It would in-

volve new shapes or building rectangular rooms inside the

circle.
."

d) There would probably be difficulties in putting straight-

sided furniture against curved walls.

d) Visitors may feel awkward in a round room. Would occupants

need to be well-rounded? Would traffic patterns have to be

circular?

e) A circular home puts some restrictions on "neat" division of

peripheral areas. A rectangular garage could be semi-

attached to some part of the house. Driveways should prob-

ably be semi-circular.

ACTIVITY 22

HOW TO TEACH GEOMETRY

MATERIALS PREPARATION:

Elementary mathematics text series

COMMENTS AND SUGGESTED PROCEDURE:

This could be an in-class, small group activity if one wished to re-

duce the out-of-class preparation time of his students. The decision

should be based on whether or not the students will be trying out

their lessons (optional question 4). Although sample answers are not

given in this activity, included below are books and periodical arti-

cles which may be used as resources for both instructors and stu-

dents.

The Arithmetic Teacher, October 1969 and October 1973.

Environmental Geometry, Nuffield, Wiley & Sons, New York City, 1969.
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Geometry for Elementary Teachers, Young, John E. and Bush, Grace A.

San Francisco Holden-Day, 1971.

The 36th Yearbook of the National Council of Teachers of Mathematics:
Geometry in the Mathematics Classroom.
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SECTION IV

VERIFICATION

INTRODUCTION:

In the traditional secondary school mathematics curriculum, geometry

served as a vehicle for introducing students to deductive logical

methods. This section considers alternate methods of verification

(authority, experience, plausibility argument, deduction) which are

appropriate in different teaching situations in mathematics.

MAJOR QUESTIONS (DISCUSSION):

1. The examples need not be extensive, but they should show clearly

the distinctions between these four ways of knowing. The an-

swers given here will be similar to those given to the questions

in Activity 23.

2. The answer to this question is contained in the answer to ques-

tion 4, Activity 24. The essential point is that generalization

from a special case may lead to a false conclusion. Only one

counterexample is needed to disprove.a theorem.
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ACTIVITY 23

HOW DO YOU KNOW IT'S TRUE?

MATERIALS PREPARATION:

Elementary school mathematics textbook series.

COMMENTS AND SUGGESTED PROCEDURE:

This activity gives the student some examples of four methods of ver-

ification (namely authority, experience, plausibility, and deduc-

tion), engages him in discussion of these "ways of knowing" that are

used in everyone's daily experience, and refers him to other parts of

this unit and to an elementary school mathematics textbook to find

examples of verification techniques used in mathematics.

The first part of this activity (questions 1 and 2) is essen-

tially discussion; the "exercise" (questions 3 and 4) is equally

important.

ANSWERS:

1. There are many answers which might come up in the discussion of

this question; some examples follow:

a) historical facts, time of day, etc.

b) the sun will,come up tomorrow; a hot stove will give you a

burn if you touch it, etc.

c) a tax cut will stimulate the economy; weather forecast made

on the basis of weather reports, etc.

d) mathematical propositions; scientific predictions from

theory, etc.
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2. Whatever answer is given to this topical question, it is hoped

that authorlty, experience, plausibility, and deduction would be

considered as ways of arriving at an answer.

, 3. Many instances can be found in which the fOur different tech-

niques of verification have been used. Consider, for example,

Activity 11, Analysis of Triangles, Angles. The definitions of

angle, measure of an angle, and degree, and the statement that

any three angles whose measures add up to 180' can be the angles

of a triangle were all stated as true on the basis of authority.

The activities in questions 1 and 2 were arguments from expe-

rience. 16estion 3 is in effect a plausibility argument. The

answer we gave to question 5 contained a deductive proof.

4. The ;nstaoces found will depend upon the textbook chosen. Exam-

ples of authdrity abound in, for example, definitions. Experi-

ence is exemplified by lab-type activities using manipulative

apparatus. P,PauMflity and deductive arguments,may be hard to

find.

ACTIVITY 24

WHAT WILL IT TAKE TO CONVINCE YOU?

MATERIALS PREPARATION:

None

COMMENTS AND SUGGESTED PROCEDURE:

This activ,ty explores techniques of verification in greater detail

by looking at some considerations whic'h may affect the truth of a

proposition. Again, as in Activity 23, a discussion provides the

introduction, .and an exercise in finding and analyzing fallacies

culminates the activity.
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ANSWERS:

3. a) f(0) = 0, f(1) = 0, f(2) 0, f(3) = 0

b) Some people might believe that f(x) = 0 for all x, but

students who have experienced Activity 9 will probably be

wary.

c) Such a person would conclude that f(x) is non-zero for all

x not equal to 0 or 1-or 2, or 3.

4. a) The first paq of Activity 9 was an argument from experi-

ence. All of the experiences were instances of a special

case.

b) The moral is that one must take care to choose a variety of

examples not all of which are special cases.

c) There are many possible answers to this question. Here is

a sample."

,

Proposition: Any closed p1arte'fig0ure all of whose sides are

either parallel to or perpendicular to 'every other side

is either a rectangle or a squa're. This can be disproved by

the following counter-example.

MATERIALS PREPARATION:

None

ACTIVITY 25

PROOF
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COMMENTS AND SUGESTED PROCEDURE:

11111

This activity which-gives students some experiences with proof is set

in the context of a simplified set of four axioms,about "bushes" ,and

"hedges." This setting serves several purposes. First, the argu-
/

ments which are similar to the famiViar ones abdu,t points and lines

seem clearer because of the sparseness of the sySted. Secondly, be-4,

cause the mathematical objects are not conventional ones, the student

may be reminded that any argument he makes'is true and valid only in-

sofar as his assumptions are true and valid. Third, this activity

puts-the student into the position of having to relate new abstract
,-

mathematical vocabu'ry with real-world objects and conLepts. If
.

they find this difficult, they may appreciate the difficulty elemen-

tary school students have with words like point, line, and plane. It

' is,hoped that_students will enjoy playing this game and that they may
1..

appreciate,more fully the game of deductive geometry.

AN RS:

1 Theorem: If there are two hedges, then there are three hedges.

Proof: Call the two hedges,H, and H
2'

By Axiom 1 each of these'

hedges contains at least two bushes. Let H1 contain b11 and

b
12'

let H
2

contain b
21

and b
22'

By Axiom 2 (which guarantees

\the existence of at least three bushes) either (1) b11, b12,

b21, b22 are all distinct or (2) b1i is the same bush as b2i for

ome = 1, 2 and j = 1, 2. If (1) then there exist six hedges,
r,

namely H1
b11, b12.' H2 b21, b22' H3 1)11' 1321' H"4 b12,

b22.' H5 1311' b22; H6 621' b12'
If (2) suppose the three

distinct bushes are b11, b22, and b12 which is the same as b21.

Then the three hedges are H1
b11, b12.' 112 b22,

b12; and.

H3 b11, b22'

2. Theorem: If there are-tHree hedges, then there are four hedges.

Proof: In case (.1) above, there are six hedges so, clearly,

there are 4. So consider Case 2. As before let the three

hedges be H
1
= b

11'
b
12

; H
2

= b
22'

b
12

; and I-13
b11, b22'

Take
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H
3

= b
11'

b
22'

by Axiom 4 there exists one (and only one) hedge

which contai s b
12

and does not touch H
3'

This cannot be H
1

because H
1

toucheS H
3

at ti
11

nor can it be H
2

because H
2

touches

H3 at b22; thus, it must be the pequired fourth hedge.

3. These theorems have nothing to do with real hedges and bushes.

For one thing, two bushes do not a hedge make.

ACTIVITY 26

VERIFICATION FOR KIDS

MATERIA'LS PREPARATION:

None

COMMENTS AND SUGGESTED PROCEDURE:

This activity provides a chance for students and the tnstructor to

share 190sson ideas related to geometry for children at several age

levels. This activity could be expanded to several class periods

searching for and exchanging ideas for novel ways of verifying or

proving facts from geometry.

ANSWERS

These questions are discussion questions in which the supporting ar-

guments are at least as important as the answers proposed. ,Possible,

although by no means unique, answers are given below.

1. a) experiences, possibly with paper folding or drawing and

measuring activittes.

b) authority, perhaps; one could'also try a deductive argument

based on the equality of the areas of the following twd

- figures.
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a

a/ ab

ab b
2

a

a

Since the figures have equal areas

so a
2
+ b

2
= c

2
.

a
2

+ 2ab + = c
2
+ 2ab,

c) Experience with squares; authority cited to confirm that

each square he is given is in fact a square.

d) Experience and plausibility, probably including experiments

with strips of paper as in Activity 8.

2. This question solicits students' opinions of their high school

geometry expetiences. As moderator of the discussion, the in-

structor might ask whether students believe that high school

geometry could be iMproved by incorporating any of the activi-

ties includel in the unit.
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